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Abstract. In this paper we get some results and applications for duals and approximate
duals of g-frames in Hilbert spaces. In particular, we consider the stability of duals and
approximate duals under bounded operators and we study duals and approximate duals of
g-frames in the direct sum of Hilbert spaces. We also obtain some results for perturbations
of approximate duals.
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1. Introduction

Frames for Hilbert spaces were first introduced by Duffin and Schaeffer [3] in 1952 to
study some problems in nonharmonic Fourier series, reintroduced in 1986 by Daubechies,
Grossmann and Meyer [2].
Let H be a Hilbert space and let I be a finite or countable index set. A family F =
{fi}i∈I ⊆ H is a frame for H, if there exist 0 < A ⩽ B <∞, such that

A∥f∥2 ⩽
∑
i∈I

|⟨f, fi⟩|2 ⩽ B∥f∥2,
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for each f ∈ H. In this case we say that F is an (A,B) frame. If only the right-hand
side inequality is required, it is called a Bessel sequence. If F is a Bessel sequence, then
the synthesis operator TF : ℓ2(I) −→ H which is defined by TF ({ci}i∈I) =

∑
i∈I cifi is

bounded. We say that a Bessel sequence {gi}i∈I is an alternate dual or a dual for the
Bessel sequence {fi}i∈I , if for each f ∈ H, we have f =

∑
i∈I⟨f, fi⟩gi or equivalently

f =
∑

i∈I⟨f, gi⟩fi.
Many generalizations of frames have been introduced. The general one is g-frame (see

[9]). Let Hi be a Hilbert space, for each i ∈ I and let L(H,Hi) be the set of all bounded
operators from H into Hi. We call Λ = {Λi ∈ L(H,Hi) : i ∈ I} a g-frame for H with
respect to {Hi : i ∈ I} if there exist two positive constants A and B such that

A∥f∥2 ⩽
∑
i∈I

∥Λif∥2 ⩽ B∥f∥2,

for each f ∈ H. If only the second inequality is required, we call it a g-Bessel sequence.
A g-Bessel sequence Γ = {Γi ∈ L(H,Hi) : i ∈ I} is called an alternate g-dual or a g-dual
of Λ if f =

∑
i∈I Γ

∗
iΛif =

∑
i∈I Λ

∗
iΓif, for each f ∈ H. The synthesis operator for a

g-Bessel sequence Λ = {Λi}i∈I is TΛ : ⊕i∈IHi −→ H, TΛ({fi}i∈I) =
∑

i∈I Λ
∗
i fi.

Approximate duality of frames was recently investigated by Christensen and Laugesen
in [1]. Next, we introduced and characterized approximate duality for g-frames (see [4]).
Approximate duals help us to get useful results for perturbations and reconstruction of
signals (especially when it is difficult to find an alternate dual).

2. Duality and approximate duality of g-frames

In this section we obtain some results and applications for duals and approximate duals.
First we recall the definitions of approximate duals and approximate g-duals from [1]
and [4], respectively:

Definition 2.1

(i) Let F = {fi}i∈I and G = {gi}i∈I be two Bessel sequences for H. Suppose that
RGF = TGTF

∗. We say that F and G are approximately dual frames if ∥IdH −
RGF∥ < 1 or ∥IdH −RFG∥ < 1. In this case we call G an approximate dual of F .

(ii) Two g-Bessel sequences Λ and Γ are approximately dual g-frames if ∥IdH−SΓΛ∥ <
1 or ∥IdH − SΛΓ∥ < 1, where SΓΛ = TΓTΛ

∗ . In this case, we say that Γ is an
approximate dual g-frame or approximate g-dual of Λ.

Since ∥IdH − SΓΛ∥ = ∥(IdH − SΓΛ)
∗∥ = ∥IdH − SΛΓ∥, the conditions in the above

definition are equivalent. Since ∥IdH − SΛΓ∥ < 1, SΛΓ is invertible with SΛΓ
−1 =∑∞

n=0 (IdH − SΛΓ)
n. Therefore every f ∈ H can be reconstructed as

∞∑
n=0

SΛΓ(IdH − SΛΓ)
nf = f =

∞∑
n=0

(IdH − SΛΓ)
nSΛΓf.

Note that if {fi}i∈I is a Bessel sequence for H and Λfi is a functional on H defined by
Λfi(f) = ⟨f, fi⟩, then {Λfi}i∈I is a g-Bessel sequence for H. Now it is easy to see that if
{fi}i∈I and {gi}i∈I are approximately dual frames, then {Λfi}i∈I is an approximate dual
g-frame of {Λgi}i∈I .
We proved in [4, Proposition 2.3] that if Λ and Γ are approximately dual g-frames, then
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Λ and Γ are g-frames. In the following theorem, we obtain this result using the fact that
a g-Bessel sequence is a g-frame if and only if it has a g-dual.

Theorem 2.2 Let Λ and Γ be approximately dual g-frames. Then

(i) Λ and Γ have at least one alternate g-dual and they are g-frames.

(ii) If ψi
N = Γi +

∑N
n=1 Γi(IdH − SΛΓ)

n, then ΨN = {ψi
N}i∈I is a g-frame with

limN→∞ SΛΨN
= IdH and for each signal f ∈ H, we have limN→∞ SΛΨN

f = f .

Proof. (i) Since Λ and Γ are approximately g-duals, ∥SΛΓ−IdH∥ < 1 and ∥SΓΛ−IdH∥ <
1. Hence by Newmann algorithm, SΛΓ and SΓΛ are invertible. Now for each f ∈ H, we
have

∑
i∈I Λ

∗
iΓiS

−1
ΛΓf = f and

∑
i∈I Γ

∗
iΛiS

−1
ΓΛf = f . Thus {ΓiS

−1
ΛΓ}i∈I and {ΛiS

−1
ΓΛ} are

g-duals of Λ and Γ, respectively. Now if Φi = ΓiS
−1
ΛΓ and Φ = {Φi}i∈I , then

∥f∥ = ∥SΦΛf∥ = sup
∥g∥=1

∣∣∣∑
i∈I

⟨Λif,Φig⟩
∣∣∣ ⩽ (∑

i∈I
∥Λif∥2

) 1

2

sup
∥g∥=1

(∑
i∈I

∥Φig∥2
) 1

2

.

Thus if D is an upper bound for Φ, then 1
D∥f∥2 ⩽

∑
i∈I ∥Λif∥2. This shows that 1

D is

a lower bound for Λ. Similarly we can see that if B is an upper bound for {ΛiS
−1
ΓΛ}i∈I ,

then 1
B is a lower bound for Γ.

(ii) Let D be an upper bound for Γ and f ∈ H. Then

∑
i∈I

∥ψN
i f∥2 =

∑
i∈I

∥∥∥ N∑
n=0

Γi(IdH − SΛΓ)
nf

∥∥∥2 ⩽ N∑
n=0

∑
i∈I

∥Γi(IdH − SΛΓ)
nf∥2

⩽
(
D

N∑
n=0

∥IdH − SΛΓ∥2n
)
∥f∥2.

Hence ΨN = {ψN
i }i∈I is a g-Bessel sequence. Now similar to the proof of Proposition 2.3

in [4], we can see that ∥IdH − SΛΨN
∥ ⩽ ∥IdH − SΛΓ∥N+1. Therefore for each f ∈ H,

∥f − SΛΨN
f∥ ⩽ ∥IdH − SΛΓ∥N+1∥f∥. Since ∥IdH − SΛΓ∥ < 1, we have

lim
N→∞

∥f − SΛΨN
f∥ ⩽ lim

N→∞
∥IdH − SΛΓ∥N+1∥f∥ = 0,

so limN→∞ SΛΨN
f = f . Also it follows from ∥IdH − SΛΨN

∥ < 1 that Λ and ΨN are
approximately dual g-frames and by part (i), they are g-frames. ■

Let J be a finite or countable index set and let Φj = {Λij ∈ L(Hj ,Hij) : i ∈ I} be a g-
Bessel sequence for Hj , with upper bound Bj such that B = sup{Bj : j ∈ J} <∞. Then
{Φj}j∈J is called a B-bounded family of g-Bessel sequences or shortly B-BFGBS. Let Φj

be an (Aj , Bj) g-frame such that A = inf{Aj : j ∈ J} > 0 and B = sup{Bj : j ∈ J} <∞.
Then {Φj}j∈J is called an (A,B)-bounded family of g-frames or shortly (A,B)-BFGF (see
[5, 6]).

Proposition 2.3 Suppose that Φj = {Λij ∈ L(Hj ,Hij) : i ∈ I} and Ψj = {Γij ∈
L(Hj ,Hij) : i ∈ I} are two g-Bessel sequences such that {Φj}j∈J and {Ψj}j∈J are
BFGBS. Let α = supj∈J{∥SΦjΨj

− IdHj
∥}. Then

(i) {⊕j∈JΛij}i∈I is an approximate dual g-frame of {⊕j∈JΓij}i∈I if and only if α < 1.
(ii) {⊕j∈JΛij}i∈I is a g-dual of {⊕j∈JΓij}i∈I if and only if α = 0.
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Proof. (i) Let ⊕j∈JΦj = {⊕j∈JΛij}i∈I and ⊕j∈JΨj = {⊕j∈JΓij}i∈I . Then by Theorem
2.1 in [5], ⊕j∈JΦj and ⊕j∈JΨj are g-Bessel sequences. Now it is easy to see that

∥S(⊕j∈JΦj)(⊕j∈JΨj) − Id⊕j∈JHj
∥ = sup

j∈J
{∥SΦjΨj

− IdHj
∥} = α,

so ⊕j∈JΦj and ⊕j∈JΨj are approximately dual g-frames if and only if α < 1.
(ii) The equality obtained in part (i) implies that S(⊕j∈JΦj)(⊕j∈JΨj) = Id⊕j∈JHj

if and
only if α = 0 and this means that ⊕j∈JΦj is a g-dual of ⊕j∈JΨj if and only if α = 0. ■

Remark 1 Note that in the above proposition α = 0 is equivalent to say that Ψj is a
g-dual of Φj, for each j ∈ J , so it follows from part (ii) of the above proposition that
Ψj is a g-dual of Φj, for each j ∈ J if and only if {⊕j∈JΓij}i∈I and {⊕j∈JΛij}i∈I are
g-duals (see also [5]). But α < 1 is not equivalent to the approximate duality of Φj and
Ψj, for each j ∈ J . As we see in [4, Example 2.9] that if Φj = {Λij ∈ L(Hj , Hij) : i ∈ I}
is an approximate dual g-frame of itself, then it is not necessarily true that {⊕j∈JΛij}i∈I
is an approximate dual g-frame of itself.

Proposition 2.4

(i) Let Γ and Λ be two g-Bessel sequences such that Λi is a partial isometric operator,
for each i ∈ I. Then Λ and Γ are approximately g-duals (resp. g-duals) if and
only if {Λ∗

iΓi}i∈I and {Λ∗
iΛi}i∈I are approximately g-duals (resp. g-duals).

(ii) Let T be an isometric operator on H. If Λ is an approximate g-dual (resp. a g-
dual) of Γ, then {ΛiT}i∈I is an approximate g-dual (resp. a g-dual) of {ΓiT}i∈I .

(iii) Let T be a co-isometric operator on H. If Λ is an approximate g-dual (resp. a g-
dual) of Γ, then {ΛiT

∗}i∈I is an approximate g-dual (resp. a g-dual) of {ΓiT
∗}i∈I .

Proof. (i) It is easy to see that Φ = {Λ∗
iΓi}i∈I and Ψ = {Λ∗

iΛi}i∈I are g-Bessel se-
quences. Since Λi’s are partial isometry, by Theorem 2.3.3 in [8], we have ΛiΛ

∗
iΛif = Λif ,

for each f ∈ H, so

SΦΨf =
∑
i∈I

Γ∗
iΛiΛ

∗
iΛif =

∑
i∈I

Γ∗
iΛif = SΓΛf.

Hence Λ and Γ are approximately g-duals (resp. g-duals) if and only if Φ and Ψ are
approximately g-duals (resp. g-duals).
(ii) Let B and D be upper bounds of Λ and Γ, respectively. Then it is clear that
Φ = {ΛiT}i∈I and Ψ = {ΓiT}i∈I are g-Bessel sequences with upper bounds B∥T∥2
and D∥T∥2, respectively. Then for each f ∈ H, we have

∥SΨΦf − f∥ =

∥∥∥∥T ∗
[
(
∑
i∈I

Γ∗
iΛiT )f − Tf

]∥∥∥∥ = ∥T ∗(SΓΛ − IdH)Tf∥ ⩽ ∥SΓΛ − IdH∥∥f∥.

Since ∥SΓΛ − IdH∥ < 1 (resp. SΓΛ = IdH), we get ∥SΨΦ − IdH∥ < 1 (resp. SΨΦ = IdH)
and the result follows.
(iii) The result follows from part (ii) by considering T ∗ instead of T . ■

Corollary 2.5 Suppose that Φj = {Λij ∈ L(Hj ,Hij) : i ∈ I} and Ψj = {Γij ∈
L(Hj ,Hij) : i ∈ I} are two g-Bessel sequences such that {Φj}j∈J and {Ψj}j∈J are
BFGBS.

(i) Let Λij be a partial isometric operator, for each i ∈ I. Then ⊕j∈JΦj and ⊕j∈JΨj
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are approximately g-duals (resp. g-duals) if and only if
{(⊕j∈JΛ

∗
ij)(⊕j∈JΓij)}i∈I and {(⊕j∈JΛ

∗
ij)(⊕j∈JΛij)}i∈I are approximately g-

duals (resp. g-duals).
(ii) Let Tj be an isometric operator on Hj . If Φj is a g-dual of Ψj (resp. an

approximate g-dual of Ψj with supj∈J{∥SΦjΨj
− IdHj

∥} < 1), for each j ∈
J , then {(⊕j∈JΛij)(⊕j∈JTj)}i∈I is a g-dual (resp. an approximate g-dual) of
{(⊕j∈JΓij)(⊕j∈JTj)}i∈I .

(iii) Let Tj be a co-isometric operator on Hj . If Φj is a g-dual of Ψj (resp. an
approximate g-dual of Ψj with supj∈J{∥SΦjΨj

− IdHj
∥} < 1), for each j ∈

J , then {(⊕j∈JΛij)(⊕j∈JT
∗
j )}i∈I is an approximate g-dual (resp. a g-dual) of

{(⊕j∈JΓij)(⊕j∈JT
∗
j )}i∈I .

Proof. Note that if Tj is an isometric operator on Hj , then ⊕j∈JTj is an isometric
operator on ⊕j∈JHj . Also if Λij is a partial isometric operator, for each i ∈ I, then
⊕j∈JΛij is also a partial isometric operator. Now we can get the result from Propositions
2.3 and 2.4. ■

Proposition 2.6

(i) Let T be an isometric operator on H. If {fi}i∈I is an approximate dual (resp. a
dual) of {gi}i∈I , then {T ∗fi}i∈I is an approximate dual (resp. a dual) of {T ∗gi}i∈I .

(ii) Let T be a co-isometric operator on H. If {fi}i∈I is an approximate dual (resp. a
dual) of {gi}i∈I , then {Tfi}i∈I is an approximate dual (resp. a dual) of {Tgi}i∈I .

Proof. (i) Let F = {fi}i∈I and G = {gi}i∈I be Bessel sequences. Then it is clear that
T ∗F = {T ∗fi}i∈I and T ∗G = {T ∗gi}i∈I are Bessel sequences. Now for each f ∈ H we
have

∥R(T ∗G)(T ∗F)f − f∥ = ∥
∑
i∈I

⟨f, T ∗fi⟩T ∗gi − f∥ = ∥T ∗(SGF − IdH)Tf∥

⩽ ∥SGF − IdH∥∥f∥.

This yields that ∥R(T ∗G)(T ∗F) − IdH∥ ⩽ ∥SGF − IdH∥ < 1, so T ∗F and T ∗G are approx-
imately dual frames.
(ii) We can get the result by considering T ∗ instead of T in part (i). ■

The following example shows that the converse of Proposition 2.6 (also Proposition
2.4) is not necessarily true.

Example 2.7 Let T : ℓ2(N) −→ ℓ2(N) be the unilateral shift operator on ℓ2(N), i.e.,
T ({αi}∞i=1) = (0, α1, α2, . . .). T is isometric and its adjoint operator is the bilateral shift
operator on ℓ2(N), i.e., T ∗ : ℓ2(N) −→ ℓ2(N), T ∗({αi}∞i=1) = (α2, α3, . . .). Now let fi =
{δij}∞j=1, for i ⩾ 2. Then {T ∗fi}∞i=2 is an orthonormal basis, so it is a dual (also an
approximate dual) of itself but {fi}∞i=2 is not an approximate dual of itself because it is
not a frame.

Now we recall the following definition from [7]:

Definition 2.8 Let Λ be a sequence, 0 ⩽ λ1, λ2 < 1 and {ci}i∈I be a sequence of positive
numbers in ℓ2(I). We say that Γ is a (λ1, λ2, {ci}i∈I)-perturbation of Λ if for each i ∈ I,
we have

∥Λif − Γif∥ ⩽ λ1∥Λif∥+ λ2∥Γif∥+ ci∥f∥ ∀f ∈ H.
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Recall that for an (A,B) g-frame Λ = {Λi}i∈I , the operator SΛ = TΛT
∗
Λ is called

the g-frame operator of Λ and if Λ̃ = {Λ̃i}i∈I , where Λ̃i = ΛiS
−1
Λ , then Λ̃ is called the

canonical g-dual of Λ which is an ( 1
B ,

1
A) g-frame.

In part (i) of the following proposition we give a direct proof for the result obtained in
[4, Corollary 3.8].

Proposition 2.9

(i) Let Λ be an (A,B) g-frame and Γ be a g-Bessel sequence with upper bound D.
If Γ is a (λ1, λ2, {ci}i∈I)-perturbation of Λ with(
λ1

√
B + λ2

√
D + (

∑
i∈I c

2
i )

1

2

)
<

√
A, then Γ is an approximate dual g-frame of

Λ̃.
(ii) Let {Φj}j∈J be an (A,B)-BFGF and {Ψj}j∈J be a D-BFGBS. If {ci}i∈I is

a sequence of positive numbers in ℓ2(I) such that Ψj is a (λ1, λ2, {ci}i∈I)-
perturbation of Φj , for each j ∈ J and

(
λ1

√
B + λ2

√
D + (

∑
i∈I c

2
i )

1

2

)
<

√
A,

then {⊕j∈JΓij}i∈I is an approximate dual g-frame of {⊕j∈J Λ̃ij}i∈I .

Proof. (i) Since 1
A is an upper bound for Λ̃, for each f ∈ H, we have

∥TΛ̃T
∗
Γf − TΛ̃T

∗
Λf∥2 ⩽

1

A

∑
i∈I

∥(Γi − Λi)f∥2

⩽ 1

A

∑
i∈I

(λ1∥Λif∥+ λ2∥Γif∥+ ci∥f∥)2 ⩽
1

A

(∑
i∈I

λ21∥Λif∥2 +
∑
i∈I

λ22∥Γif∥2

+
∑
i∈I

c2i ∥f∥2 + 2λ1λ2(
∑
i∈I

∥Λif∥2)
1

2 (
∑
i∈I

∥Γif∥2)
1

2 + 2λ1(
∑
i∈I

∥Λif∥2)
1

2 (
∑
i∈I

c2i )
1

2 ∥f∥

+ 2λ2(
∑
i∈I

∥Γif∥2)
1

2 (
∑
i∈I

c2i )
1

2 ∥f∥
)
⩽ 1

A

(
λ21B∥f∥2 + λ22D∥f∥2 +

∑
i∈I

c2i ∥f∥2

+ 2λ1λ2
√
BD∥f∥2 + 2λ1

√
B∥f∥2(

∑
i∈I

c2i )
1

2 + 2λ2
√
D(

∑
i∈I

c2i )
1

2 ∥f∥2
)
= R∥f∥2,

where R = 1
A

(
λ1

√
B+λ2

√
D+(

∑
i∈I c

2
i )

1

2

)2
. Thus we have ∥SΛ̃Γ − IdH∥ ⩽

√
R < 1, so

Γ is an approximate dual g-frame of Λ̃.
(ii) By Theorem 2.1 in [5], ⊕j∈JΦj = {⊕j∈JΛij}i∈I and ⊕j∈JΨj = {⊕j∈JΓij}i∈I are
(A,B) g-frame and g-Bessel sequence with upper bound D, respectively. Also Corollary
3.1 in [5] yields that ⊕j∈JΨj is a (λ1, λ2, {ci}i∈I)-perturbation of ⊕j∈JΦj . Now since (by

Proposition 3.3 in [5]) {⊕j∈J Λ̃ij}i∈I is the canonical g-dual of ⊕j∈JΦj , part (i) implies

that {⊕j∈JΓij}i∈I is an approximate dual g-frame of {⊕j∈J Λ̃ij}i∈I . ■
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