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ABSTRACT: 

This paper presents a simulation of the dynamic voltage stability in power system. In application of modern power 

system, dynamic assessment of voltage stability is known as basic concept. In order to study dynamic voltage stability 

in a power system, different dynamic boundaries are defined such as, Hopf bifurcation (HB) boundary. HB point is an 

oscillatory boundary in power system. For recognition of the bifurcations, it is unavoidable to study the eigenvalues of 

power system. In spite of this, determination of these eigenvalues needs to dynamic Jacobian matrix of power system 

and modal analysis that is very time consuming and complex in large systems. Also, different industrial loads (static 

and dynamic) e.g. induction motors can effect on dynamic voltage stability boundaries. In this paper, we proposed a 

solution method based on analyzing the eigenvalues of reduced Jacobian matrix and time domain simulation for 

assessment of dynamic voltage stability. In addition, effects of industrial electrical loads on the small disturbance voltage 

stability are evaluated by the proposed method. To show the effectiveness of the proposed solution method, it is tested 

on IEEE 14 bus and New England test systems. 
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1. INTRODUCTION 

Evaluation of dynamic stability is a key requirement 

for today power systems. Power system is subjected to a 

wide range of small and large disturbances such as, 

network variations, generation and Loads changes, 

faults and outages of equipment. These disturbances can 

lead to instability of power system. Study of power 

system stability is an important parameter in the 

operation, planning, economic, and reliability of secure 

electric power system.  
Stability of power system can be classified to voltage 

stability, rotor angle stability and frequency stability. 

Voltage stability refers to ability of power system for 

maintain acceptable stable voltage for all buses after a 

disturbance relative to primary condition [1-5]. After a 

number of voltage instability events which occurred 

around the world, voltage stability has become a major 

research area in the field of power systems in recent 

years.   

In order to examine voltage stability in a power 

system, different static and dynamic boundaries are 

defined. Static boundary such as static load margin 

(SLM) is obtainable by load flow equations [6], [7] and 

dynamic boundaries are Saddle Node Bifurcation 

(SNB), Hopf Bifurcation (HB) and Limit Induced 

Bifurcation (LIB) that are studied by eigenvalues of 

dynamic algebraic Jacobian matrix of power system [1], 

[8-11]. In dynamic study, system is stable when damping 

ratio of critical mode is positive and system oscillations 

is damped (all eigenvalues of power system is located in 

the left part of the complex plane). HB point is an 

oscillatory boundary in power system that corresponds 

to locating a pair of complex conjugate eigenvalue of 

dynamic algebraic Jacobian matrix on imaginary axis. 

Finally, because of presence of a single real one or a pair 

of complex conjugate eigenvalues of power system in 

the right part of the complex plane, damping ratio is 

negative and so power system involves in undamped 

oscillations with ascending or fixed scope [1, 8]. Also, 

SNB and LIB basically consist of loss of system 

equilibrium point, which is typically correlated with the 

lack of load flow solutions. In SNB point, Jacobian 

matrix has a zero eigenvalue and this matrix is singular.  

Determination of dynamic boundaries of voltage 

stability and also maintain and increase of these, are 

important issues in dynamic study of voltage stability. 

Recently, different methods that most of them are known 

have been proposed to improve dynamic stability of 

power system and decrease system oscillation [12-15]. 

Also in [16-17], demand response programs and line 

switching, are used to increase the voltage stability 

margin of the power systems.  
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Therefore, this paper focuses on the dynamic voltage 

stability, which is a major concern of today power 

systems [2], [3], [18]. Linearized system equations can 

be used for bifurcation analysis and investigation of 

dynamic voltage stability in power system. Therefore, in 

this work a combination of static and dynamic analysis 

and also dynamic simulations are used in a 

complementary manner. In a power system, some 

reasons such as loads model, generators control system 

parameters e.g. AVR and governor loops, reactive power 

limit and terminal voltage regulations of generators and 

contingency conditions, such as system load variation 

and loss of transmission lines, have considerable effect 

on dynamic study of power system [1-5]. In other words, 

dynamic stability is influenced by the dynamic 

characteristics of generators, controllers and loads. 

Therefore, effect of industrial electrical loads (static and 

dynamic) e.g. constant power and induction motors, on 

the dynamic voltage stability are evaluated by the 

proposed method. 

The remaining parts of the paper are organized as 

follows. In the second section, details of purposed 

method are described. In this section, static and dynamic 

analysis tools to evaluate dynamic voltage stability are 

presented. Obtained numerical results of various test 

systems are presented and discussed in section three. 

Section four concludes the paper. 

 

2. THE PROPOSED METHOD 

Limitations of steady state power system studies 

(load flow equations) are associated with nonlinear 

dynamic characteristics of power systems. The small 

signal voltage stability is a dynamic phenomenon, but 

the use of steady state analysis tools can provide useful 

information about it. In steady state studies of voltage 

stability based on the power flow equations, all 

dynamics are died out and all controllers have done their 

duty. Also, long term voltage stability is studied by 

steady state analysis tools [2]. The advantage of using 

algebraic load flow equations compared to differential 

equations of dynamic studies is the computation speed. 

However, the power system stability cannot be fully 

guaranteed with steady state studies. Especially, when 

the voltage instability occurs in the transient period of 

disturbance, i.e. HB point, the voltage stability margin 

obtained by the dynamic analysis tools (dynamic load 

margin (DLM)) can be considerably less than static load 

margin (SLM). The time domain simulations capture the 

events and chronology leading to voltage instability. The 

most accurate response of the actual dynamics of voltage 

instability is provided by this method [2]. 

Voltage stability is a nonlinear occurrence. However, 

valuable sensitivity information in identifying factors 

influencing dynamic voltage stability can be obtained by 

linearized equations of the power system at the 

equilibrium point [4]. The obtained Jacobian matrix 

describes the linearized system which best approximates 

the nonlinear equations close to the equilibrium point. In 

this case the stability of the nonlinear system can be 

studied like the stability of linear systems in the 

neighborhood of operating equilibrium point [2]. Also, 

bifurcation theory is used to study the real behavior of 

the power system. Bifurcation theory is one of theories 

that have expansive application in the study of voltage 

stability. This theory is an appropriate instrument for 

classification, study and obtain quality and quantity 

information about operation of a multi-dimensional 

system around equilibrium point. On the other hand, 

exact modeling of equipment in the system and use of 

time simulation are necessary to perform dynamic study 

in a power system. This theory deals with the problem 

of loss stability of a nonlinear dynamic system under 

changing parameter values [19]. This method assumes 

that power system parameters vary slowly and predicts 

how a power system will become unstable. Changing the 

parameters moves the system slowly from one 

equilibrium to another until it reaches the collapse point 

[5]. Bifurcation points where change from stable to 

unstable, from stationary to oscillatory, or from order to 

chaos, are the most interesting points in voltage stability 

studies. In [5] it has been presented that normally one 

parameter, e.g. load demand, is changed (which is also 

the case considered here), in which case there is a 

possibility to reach either SNB or HB, e.g. Fig. 1. 

 
Fig. 1.  P-V curve for constant power load in the 68 bus 

power system. 

     

2.1. P-V AND BIFURCATION CURVES 

P-V curve and bifurcation curve are shown in Fig. 2. 

Bifurcation curve is constructed by tracing equilibrium 

points of the successive dynamic responses while, P-V 

curve is usually constructed by successive load flow 

solutions [20]. In Bifurcation curve, voltage collapse is 

associated with saddle-node bifurcation (SNB) where, 

system equilibrium point disappears.  
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Fig. 2.  P-V and Bifurcation curves. 

 
In this point, dynamic Jacobian matrix has a zero 

eigenvalue and this matrix is singular. Some earlier 

works have been presented that the nose point of the P-

V curve is the voltage collapse point. Nose point is the 

maximum loading level beyond which steady state 

solutions (power flow solutions) cannot be obtained for 

the system. However, the actual voltage collapse point is 

the SNB of the bifurcation curve and the SNB point 

coincides with the nose point only if the load is constant 

power (Fig. 1). Otherwise, on other load models, the 

SNB point will not coincide with the nose point of the 

P-V curve, but to the other part of the P-V curve (such 

as B" on the P-V curve in Fig. 2). In that case, the voltage 

collapse is no longer a nose point but at point B" on the 

P-V curve. 

 

2.2. DYNAMIC VOLTAGE STABILITY     

In this paper, linearized algebraic-dynamic equations 

of system are used for bifurcation analysis and 

investigation of dynamic voltage stability in power 

system. These algebraic-dynamic equations in power 

system can be formulated as follows: 

 

),,,( pyxfx                                                        (1) 

 

),,,( pyxg 0
                                                        (2) 

 

The state variables x, in (1), describe the dynamics of 

power systems, such as generation dynamic, exciter 

control systems, dynamic loads and other control 

devices. p and   define controlled and uncontrolled 

parameters of the power system respectively, such as 

loads, generation, voltage setting points and etc. The 

output variables y, describe algebraic constraints (2), 

such as power flow equations [1,8,21]. In a power 

system, to determine the stability by means of 

linearization and also for fixed values of p and   

parameters, Jacobian matrix can be represented as:  

 

  










































y

x
J

y

x

JJ

JJx

2221

1211

0


                                 (3) 

 

11 12 21 22
, , ,

f f g g
J J J J

x y x y

   
   
   

                      (4) 

 

xAxJJJJx   )(
12

1

221211


                                   (5) 

 

However, the general structure of the Jacobian 

matrix J in a power system is shown in Fig. 3. In Fig. 3, 

k presents state variables of power system except δ and 

ω (e.g. E', E'd, E'q, E"d, E"q of generators dynamic and 

state variables of loads dynamic) 
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Fig. 3. General structure of the Jacobian matrix in a 

power system. 

 

In equations (3-5), J is called the unreduced Jacobian 

matrix and A is called the reduced Jacobian matrix [22].  

The dynamic stability of a power system depends on 

the eigenvalues of the reduced Jacobian matrix A [23]. 

Through tracing the eigenvalues of matrix A, the local 

dynamic stability of the power system can be studied. 

[6], [23]. Based on A Jacobins matrix, a power system 

has voltage stability when all eigenvalue of A, that are 

obtained by model analysis, are located on the left part 

of imaginary axis [1,8]. Also, based on A matrix, HB 

J21 J22 

Jlf 

J11 J12 
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point corresponds to a condition that a pair of complex 

conjugate eigenvalue of this matrix are located on 

imaginary axis. HB point is where there is an emergence 

of oscillatory instability. Numerous reasons lead to such 

oscillatory instability in power system, but the most 

important reason in HB is low damping ratio of system 

critical mode. In a power system, damping ratio of 

eigenvalue is shown as follows: 

 

22 







                                                              (6) 

 

In (6), α and β are real and imaginary parts of a 

eigenvalue respectively. According to relation (6), 

power system is stable when damping ratio of critical 

mode is a positive value. So in this condition, critical 

eigenvalue of system is located in the left part of 

imaginary axis. Fig. 4 has shown critical eigenvalue of 

power system for increase load of power system. 

Regarding to the figure, increase in load from λ1 to λ5 

leads to HB bifurcation in loading coefficient of λ4. 

 

  
Fig. 4. Critical eigenvalues conditions.  

    

In the following, the proposed method can be 

summarized by step by step algorithm: 

1) Define the set of power system parameters e.g. 

power system structure, load pattern (contain of load 

quantity and type), and generation pattern. For study 

effect of industrial electrical loads on the dynamic 

voltage stability, different types of loads are considered. 

2) Solve the power flow equations by static analysis 

tools and determine equilibrium point. Consider 

controller limits (e.g. generators reactive power limits) 

and on-load tap changers (OLTC). 

3) Obtain reduced Jacobian matrix A at the 

equilibrium point and determine its eigenvalues. 

Evaluate occurrence of HB or SNB points based on the 

condition of eigenvalues. 

4) In this step, the load pattern of the power system 

is changed by one step (apply the small perturbation) 

according to the scheduled plan. For example, changing 

the load patterns may be simply in the form of linearly 

increasing consumption of a load bus [24]. 

5) Run time domain simulation of power system. In 

[25], dynamic models of the power system components 

are described. 

6) If occurrence oscillatory instability or HB point in 

the time domain simulation is detected, voltage stability 

is dynamically lost at this point. HB point is determined 

by the eigenvalue analysis of reduced Jacobian matrix A 

(step 3) and time domain simulation of power system. 

7) Determine post-disturbance equilibrium point 

(with changed load) by static analysis tools and power 

flow equations as described in step 2. If no solution can 

be found, SNB or LIB has been occurred. Occurrence of 

SNB point should be also determined by the eigenvalue 

analysis. 

     

3. NUMERICAL RESULTS 

We tested the proposed method on the IEEE 14 bus 

and New England test systems, frequently considered in 

the voltage stability studies [1], [8], [9], [26-27], where 

their data can be found in [28], [29]. Characteristics of 

these test systems are briefly shown in Table 1. Single 

line diagram of the IEEE 14 and New England test 

systems are shown in Fig. 5 and Fig. 6. In this paper, for 

dynamic and static analysis and also time domain 

simulation of DIGSILENT software is used [30]. We 

also evaluate effect of industrial electrical loads on 

different aspects of dynamic voltage stability by the 

proposed method 

 

3.1. Constant Power Load Scenario 

We examined constant power Load scenarios 

including increasing constant power load of bus 14 in 

IEEE14 test system.  

Sample results for the IEEE 14 bus test system are 

shown in Fig. 7 and 8. In Fig. 9, eigenvalue locus for 

increasing load of bus 14 is shown. Those eigenvalues 

of Jacobian matrix which finally cross the imaginary 

axis and cause HB point are named critical conjugate 

eigenvalues. A single real one or a pair of complex 

conjugate eigenvalues can be critical eigenvalue. 

 

Table 1. The characteristics of test systems. 

Test 

System 

Bus Branch Generator Load 

IEEE 14-Bus 14 20 2  11 

New 

England 

39 46 10 19 

Real  

Imaginary 

λ1 λ2 λ3 λ4 λ5 

HB 

Stable system and  

damped oscillation 
Unstable system and  

 undamped oscillation 
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Fig. 5. Single line diagram of the IEEE 14 bus test 

system. 

 

 
Fig. 6. Single line diagram of New England test 

system. 

 

 
Fig. 7. Eigenvalue locus for increasing load of bus 14 

in the IEEE 14 bus test system. 

 

Bifurcation curve for constant power load scenarios 

in the IEEE 14 bus test system is shown in Fig. 8.  

Also, in Table 2, participation factors for 

examinations of Fig. 7 are shown. The participation 

factors represent contribution of each state of the power 

system in the critical modes [31]. In this Table, eight 

states with the largest participation factors (normalized 

with respect to their maximum) at HB point are sorted. 

For instance, state speed of bus 1 has the largest 

participation factor in the critical modes. 

 

   
Fig. 8. Bifurcation curve for constant power load 

scenarios in the IEEE 14 bus test system. 
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Table 2. Participation factors for the load scenarios of 

Fig. 7 and 8 (HB point). 

Participation 

Factor 
67.72+j23.016 MVA 

(HB) 

Bus State 

1 1 Speed 

0.483 3 Speed 

0.313 2 Speed 

0.312 6 Speed 

0.264 8 Speed 

0.260 1 Excitation-Flux 

0.038 1 Rotor-Angle 

0.032 2 Excitation-Flux 

 

3.2. Hybrid Load Scenario 

We examined effect of hybrid load (static and 

dynamic) in the voltage stability studies. In this section, 

we increase constant power load of bus 14 of IEEE 14 

bus system, while buses 5,6,9,11,12,13,14 are contained 

hybrid loads, 40% dynamic load (induction motor) and 

60 % static load (constant power load). 

In Fig. 9 locus of eigenvalues of the reduced 

Jacobian A close to imaginary axis is shown. The 

nonlinear behavior of the dominant eigenvalues has been 

presented in the previous works with respect to the load 

variation [1]. In [1], we clarified where the dominant 

eigenvalues in the current operating point can differ 

from the critical ones. Here, a similar condition is seen 

for the reduced Jacobian matrix A where the closest 

eigenvalues to the imaginary axis are changed by the 

load variation. For instance, in the first parts of Fig. 9, 

the critical eigenvalues (19-20) appear after three other 

ones. By increasing load (4), the critical eigenvalues 

appear in the second parts of Fig. 9 are 22-23 and finally, 

by further increasing load (4), the critical eigenvalues 

18-19 cross the imaginary axis and cause HB.   

Also, we examined effect of hybrid load in the 

voltage stability studies of the New England test system. 

In this section, we increase constant power load of bus 

23, while buses 3, 12, 15, 18, 20, 23, 29 and 31 are 

contained hybrid loads, 40% dynamic load (induction 

motor) and 60 % static load (constant power load). In 

Fig. 10 locus of eigenvalues of the reduced Jacobian 

matrix A close to imaginary axis is shown.  

In addition, we change load of bus 23 of constant 

power into constant impedance load. Result of this test 

is shown in Table 3. It is observed that DLM is improved 

by constant impedance load in bus 23. However, 

dynamic load margin (DLM) in power system is 

dependent to the load type. In the other words, we can 

conclude that the critical eigenvalues in different types 

of loads are fixed, but the speed by which these 

eigenvalues come close to the imaginary axis is sensitive 

on the load type. 

 

 
Fig. 9. Eigenvalue locus for increasing load of bus 4 in 

the IEEE 14 bus test system in hybrid load scenarios. 

 

 
Fig. 10. Eigenvalue locus for increasing load of bus 23 

in the New England test system in hybrid load 

scenarios. 

 

Table 3. Result of change in load of bus 23. 

Load in HB Point Type of Load Bus 

1435.323+j495.512 Constant Power 23 

1828.150+j624.895 Constant Impedance 23 

 

4. CONCLUSION 

In order to study voltage stability in a power system, 
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in this paper. Hopf Bifurcation point (HB) (as one of the 

boundaries of dynamic stability) is determined by 

analyses of eigenvalues locus of dynamic algebraic 

Jacobian matrix of power system. Also, we tested effect 

of industrial loads (static and dynamic) e.g. induction 

motors on boundaries of dynamic voltage stability. In 

addition, Bifurcation curve and participation factors for 

each test system were obtained and also were 

investigated. According to results, we can conclude that 

the critical eigenvalues in different types of loads are 

fixed, but the speed by which these eigenvalues come 

close to the imaginary axis is sensitive on the load type. 

Anyway, the proposed solution approach can help 

operator of power systems to monitor their systems with 

reasonable computation times more accurately 

. 
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