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Intuitionistic fuzzy stability of the heptic
functional equation

Mohammad Shafii Mousavi

ABSTRACT. In this article, by using a fixed point method, we establish the in-
tuitionistic fuzzy version of Hyers-Ulam stability for a heptic functional equation
that was introduced by Xu and Rassias. This way shows that the concept of
stability is related to some fixed point of a suitable operator.

1. Introduction

In 1965, Zadeh [32] introduced the notion of fuzzy sets was which is a powerful
hand set for modeling uncertainty and vagueness in various problems arising in the
field of science and engineering. After that, fuzzy theory has become very active
area of research and a lot of developments have been made in the theory of fuzzy
sets to find the fuzzy analogues of the classical set theory. In fact, a large number
of research papers have appeared by using the concept of fuzzy set and numbers
and also fuzzification of many classical theories has been made. The concept of
intuitionistic fuzzy normed spaces, initially has been introduced by Saadati and
Park in [24]. Then, Saadati et al. have obtained a modified case of intuitionistic
fuzzy normed spaces by improving the separation condition and strengthening some
conditions in the definition of [26]. Many authors have considered the intuitionistic
fuzzy normed linear spaces, and intuitionistic fuzzy 2-normed spaces (see [2], [3],
[5], [15], [13], [19]).

In [27], Ulam proposed the general Ulam stability problem:“When is it true
that by slightly changing the hypotheses of a theorem one can still assert that the
thesis of the theorem remains true or approximately true?” In [14], Hyers gave the
first affirmative answer to the question of Ulam for additive functional equations on
Banach spaces. On the other hand, Cadariu and Radu noticed that a fixed point
alternative method is very important for the solution of the Ulam problem. In other
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words, they employed this fixed point method to the investigation of the Cauchy
functional equation [11] and for the quadratic functional equation [10] (for more
applications of this method, see [6], [7], [9] and [31]). The generalized Hyers-Ulam
stability of different functional equations in intuitionistic fuzzy normed spaces has
been studied by a number of the authors (see [1], [4], [8], [17], [18], [22], [23] and
29))

Xu and Rassias [28] introduced the following heptic functional equation:

flx+4y) — 7f(z +3y) + 21f(x +2y) — 35f(x +y) + 35f(x) — 21 f(x —y)

+7f(x —2y) — f(x —3y) = 5040f(y). (1)

It is easy to check that the function f(z) = az” is a solution of the functional

equation (1). In this paper, we investigate some stability results concerning the
functional equation (1) in the setting of intuitionistic fuzzy normed spaces by a
fixed point alternative method; for an application of this method see [16].

2. Preliminaries results

In this section, we restate the usual terminology, notations and conventions of
the theory of intuitionistic fuzzy normed space, as in [20], [21], [22], [23] and [25].

Let <7 be an order relation on the set L = {(z1,x2) : (w1, 22) € [0, 1]}, 21 + 25 <
1} defined by

(x1,22) <p (y1,92) <= 1 < Y1, Y2 < T9

for all (x1,22), (y1,y2) € L. It is easy to check that the pair (L, <) is a complete
lattice (see also [21] and [25]). We denote the units of L by 0, = (0,1) and
1, = (1,0).

Definition 2.1. Let U be a non-empty set called the universe. An L-fuzzy set in
U is defined as a mapping F : U — L. For each w in U, F(u) represents the degree
(in L) to which u is an element of F. An intuitionistic fuzzy set F,,, in a universal
set U is an object F,, = {(pr(u), vr(u)) : uw € U}, where pr(u) and vz(u) belong
to [0,1] for all uw € U with pr(u) + vr(u) < 1. The numbers pr(u) and vz(u) are
called the membership degree and the non-membership degree, respectively, of u in

Fuv

Definition 2.2. A triangular norm (t-norm) on L is a mapping 7 : Lx L — L
satisfying the following conditions:
(i) T (z,1) = = (boundary condition) (z € L);
(i) T (z,y) =T (y,z) (commutativity) (z,y € L);
(iti) T(x, T (y,2)) = T(T (x,y), z) (associativity) (x,y,z € L);
(iv) 1 <p yrand xo <p yo = T (v1,22) <1, T (y1,y2) (monotonicity) (x1,z2,y1,y2 €
L).
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A t-norm T on L is said to be continuous if, for any =,y € L and any sequences
{z,,} and {y,,} which converge to x and y, respectively, lim, oo T (2, yn) = T (z,y).
For v = (z1,22),y = (y1,92) € L, T(2,y) = (w191, min{as + 2, 1}) and M(z,y) =
(min{xy, y; }, max{xs, y2}) are continuous t-norm [29].

Here, we define a sequence 7™, recursively by 7! = T and

T™ (x(1)7 x(l), .. ’x(nﬂ)) —T (Tnfl (x(l)7 I(l)’ .. 7x(n)) ’x(nﬂ))
for alln > 2 and 29 € L.

Definition 2.3. A negator on L is a decreasing mapping 21 : L — L satisfying
MNO0L) = 1, and N(1,) = 0r. If MN(x)) = z, for all x € L, then N is called
an involutive negator. A negator on [0,1] is a decreasing mapping N : L — L
satisfying A(0) = 1 and N (1) = 0. The standard negator on [0,1] is defined by
Ny(z) =1—z for all z € [0, 1].

The following defnitions of an intuitionistic fuzzy normed space are taken from
[22].

Definition 2.4. Let £ = (L, <;). Let X be a vector space, T be a continuous ¢-
norm on L and P be an L-fuzzy set on X x (0, 0o) satisfying the following conditions:

(i) 0 <p P(x,t);

(ii) P(z,t) = 1 if and only if z = 0;

(iii) P(ax,t) =P (x, o |> for all a # 0;
(iv) T(P(z,1),P(y,s)) <L Pz +y,t+ s);
(v) The map P(z,-) : (0,00) — L is continuous;
(vi) limy_o P(x,t) = 0 and limy_,o P(z,t) = 1p;
for all z,y € X and all t,s > 0. Then the triple (X,P,7T) is called an L-fuzzy
normed space. In this case P is called L-fuzzy norm (briefly, L-fuzzy norm). If
P =P, is an intuitionistic fuzzy set, then the triple (X, P, ,,T) is said to be an
intuitionistic fuzzy normed space (briefly, IFN-space). In this case, P, is called an

intuitionistic fuzzy norm on X (Some examples of IFN-spaces are provided in [29]
and [31]).
Note that, if P is an L-fuzzy norm on X, then the following statements hold:
(i) P(x,t) is nondecreasing with respect to t for all z € X;
(ii) P(x —y,t) = P(y — x,t) for all z,y € X and ¢t > 0.
Example 2.5. [29] Let (X, ||-||) be a normed space. Let T (x,y) = (z1y1, min{xs+
yo,1}) for all x = (x1,22),y = (y1,92) € L and u,v be membership and non-
membership degree, respectively, of an intuitionistic fuzzy set defined by

Pl = (vt = (1 ) @€ RO

Then (X, P, ., T) is an IFN-space.
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Definition 2.6. Let (X,P,,,7T) be an IFN-space.

(1) A sequence {z,} in (X,P,,,T) is said to be convergent to a point x if
Puy(xn —x,t) = 11 as n — oo for all £ > 0;

(2) A sequence {z,} in (X,P,,,T) is called a Cauchy sequence if, for every
t > 0and 0 < € < 1, there exists a positive integer N such that (Ng(e),€) <p
Puv(xn — T, t) for all m,n > N, where Ny is the standard negator.;

(3) (X,P,.,T) is said to be complete if and only if every Cauchy sequence in
(X, P, T) is convergent to a point in (X, P, ,,T). A complete intuition-
istic fuzzy normed space is called an intuitionistic fuzzy Banach space.

We bring the following theorem which is a fundamental result in fixed point
theory [12]. This result plays a fundamental role to arrive our purpose in this

paper.

Theorem 2.1. (The fized point alternative theorem) Let (A,d) be a complete
generalized metric space and J : A — A be a mapping with Lipschitz constant
L < 1. Then, for each element o € A, either d(J"a, J" ™ a) = oo for all n > 0,
or there exists a natural number ng such that

(i) d(T"o, T a) < oo for all n > ny;
(i) the sequence {J"a} is convergent to a fized point B* of J;
(iii) B* is the unique fized point of J in the set Ay ={f € A :d(T™w,B) <
00},

(iv) d(B,8%) < {2z d(B. TB) for all B € A,.

3. Intuitionistic fuzzy stability of (1)

In this section, we prove the Ulam-Hyers stability of the equation (1) in intu-
itionistic fuzzy normed spaces, based on Theorem 2.1. From now on, we use the
difference operator for the given mapping f : X — Y as follows:

Duf(x,y) = f(z +4y) = 7f(x + 3y) + 21 f(x + 2y) — 35f(x +y) + 35f(x)
—21f(x —y) + 7f(x — 2y) — f(z — 3y) — 5040 f(y)

for all z,y € X.
The following theorem which is proved in [30, Theorem 2.1]. Note that some
basic facts on n-additive symmetric mappings can be found in [28].

Theorem 3.1. Let X and Y be vector spaces. A function f : X — Y is a
solution of the functional equation (1) if and only if f is of the form f(z) = A"(z)
for all x € X, where A™(x) is the diagonal of the T-additive symmetric map Ay :
X" —Y.
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Here and subsequently, we assume that all t-norms are as 7 (z,y) = (min{xzy, y1 }, max{za, y2})

for all x = (x1,22),y = (y1,y2) € L. In the next theorem, we prove the Ulam-Hyers
stability of the equation (1) in intuitionistic fuzzy normed spaces.

Theorem 3.2. Let | € {1, —1} be fized and let o be a real number with o # 128.

Let X be a linear space and let (Z,P],,,,T") be an intuitionistic fuzzy normed space.

Suppose that ¢ : X x X — Z is a mapping such that

Pu(a'é(x,y), ) <o P, (6(2'z, 2'y), 1) (2)
forallz € X and t > 0. If (Y,P,.,T) is a complete intuitionistic fuzzy normed
space and f: X — Y is a mapping such that

P, y),t) < Py (Dnf(x,y),1) (3)
for all z,y € X and t > 0, then there exists a unique heptic mapping H : X — Y
such that
Az, 128 — aft) <p Puy(H(z) — f(2),1) (4)
forallz € X andt > 0, where

Az, t) : =T (P (o(4z, ), — 03 )P’ (6(0,2z), — 03 )73’ (6(0,62), 79380t),

w,v

P, (¢(62, —61), 79380t), P, (6(0,4x), 11340t), P, (o(4x, —4x), 11340t)
P, (6(0,2x),3780t), P, (¢(2x, —2x),3780t), P, (4(0,0), 4536t),
P (o(

45 132300
,u,z/(¢ 31‘, CL’), Zt)7 P;L,V(qb(()? 0)7 56700t)7 PL,V(¢(07 l’), 11 t)u
132300 105 37800

PL,V(QS(J:? _"L‘)a 11 t)7,P;L,IJ(¢(2x7'T)’ Et)7,PZL,l/(¢(07O) 11 t)

P, (¢(O,x),2700t),77;71,(¢(x, —x),2700¢), 73’ L (6(0,27),18900t),

1260
P!, (0(2r, ~20), 189001), P, (6(z. 2), “ar't) P, (6(0.0), 18001)
12
Pl (6(—,2), ), P (60, ), 189008), P, (9(dr, ~4a), 189001),
PIW(Qﬁ(O, 3x),9450t), PL’y(gb(?M, —3x),9450¢t), PL7V(¢(O, 2),900t),
P (0(2x, —22),900t), P, ,(6(0, ), 540t), P, , (¢(x, —x), 540¢),
P, (6(0,0),1080t)). (5)
PRrROOF. For the cases | = 1 and | = —1, we consider o < 128 and o > 128,
respectively. Putting x =y = 0 in (3), we have
P/, (6(0.0),50400) <1, P, (£(0),) )
for all £ > 0. Replacing (z,y) by (0, ) in (3), we get

P (@(0,2), 1) <p Puo(f(4z) = Tf(3x) + 21f(2x) — 35f(x) — 21 f(—x)
+ Tf(—2x) — f(—=3x) + 35f(0) — 5040 f(x), 1) (7)
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for all z € X and t > 0. Interchanging (z,y) into (x, —x) in 3, we obtain
P(0(r,—2).1) <1 Py (f(~32) — 7f(~22) + 21f(~2) — 351(0) + 35/(z)
211 (20) + Tf(3%) — f(4x) — B040f(—z), 1) ®)
for all z € X and ¢ > 0. By (7) and (8), we obtain
TP, (6(0,),25200), P}, (6(r, ~),25200)) <1 P (f(2) + f(~2).0) ()
for all z € X and ¢ > 0. Substituting (z,y) by (4z,z) in (3), we get
P (0, 42), 1) <p Pyu(f(82) — 7F(Te) + 21f(62) — 35 (5r) + 35 (4a)
— 21f(3x) + 7f(2x) — 5041 f (), 1) (10)
for all z € X and ¢ > 0. Again, replacing (x,y) by (0,2z) in (3), we arrive at
P, (6(0,22),1) 1. Py (f(82) — Tf(62) + 21 (4) — 50751 (22) + 35 (0)
— 91f(—22) + Tf(—4z) — f(—62),t) (11)
for all € X and ¢ > 0. It follows from (10) and (11) that
TPl (0(42,2), 5), Ply (60, 20), 3)) <1 P (~Tf(72) + 28 (62) — 35 (52)

+ 14f(4z) — 21f(3z) + 5082 (2x) — 5041 f(x)
— 35£(0) 4 21 f(—22) — Tf(—4x) + f(—62), 1)

(12)
for all z € X and ¢ > 0. By (6), (9) and (12), we find
t to
7’8(7)‘;71/((;5(41,7 $), E>’7)//l’l’(¢(0’ 2$>, 1_0)7 Py,u(¢(07 6[L’), 504t)7
P;L,V(¢(6J’" —61‘), 504t)7 PL,V(Qb(Ov 41‘)7 72t)7 ,P/;,V(qb(élxv —41’), 72t)7
144

P, (0(0,2x),24t), P, ,(p(22, —2x),24t), P, ,(¢(0,0), ?t))
<1 Pun(=TF(72) + 27f(62) — 35f(5z) + 21 f(47)
— 21f(32) + 5061 f(22) — 5041 f(x), ) (13)
for all x € X and ¢ > 0. Putting (z,y) by (3z,z) in (3), we get
P03z, x),t) <, Py (f(7x) — 7f(62) + 21f (52) — 35f(4x) + 35/ (3x)
—21f(2x) — 5033 f(z) — f(0),1?) (14)
for all z € X and ¢t > 0. Using (6) and (14), we have

T (P, (6(3z, ), %), P, (6(0,0),2520t)) <p Py, (f(T2x) = 7f(6x) + 21 f(5x) — 35f(4x)
+35f(3x) — 21f(2x) — 5033 f(x),t) (15)
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for all z € X and ¢ > 0. Hence

TPl (632, ), =), Pl (6(0,0), 3600)) <1 Py (T(Tr) — 49f(62) + 147f(52)
— 245 f(dx) + 245 (3z) — 147f(22)
35231 f(x), 1) (16)

for all z € X and ¢t > 0. By (13) and (16), we deduce that

, o Eo
TP, (64, 2), 55), P, (610, 22). 35). Py, ($(0, 6), 252¢),
P;L,U((b<6x7 —6I), 252t)7 P;/L,V(QS(O? 41’), 36t>7 P;L,u(qb(ZlI? —4IL’), 36t>7

72
)

PL,V(QZS(()? 2%) 12t) Pl (Qb( —21‘), 12t)7 P;L,Z/(QS(O? 0)7 _t)7

P (@B, 2), 5 ) P, (9(0,0), 180¢))
< P#,V(—22f(6x) +112f(5z) — 224 (4x)
+ 224 (3z) + 4914 f(2z) — 40272f (2), 1) (17)

for all x € X and ¢t > 0. Replacing (z,y) by (2z,x) in (3), we obtain

P, (02w, x),t) <p, Py (f(62) — Tf(52) + 21 f(4x)
—35f(3x) + 35f(2x) — 5061 f(z) + 7f(0) — f(—x),t) (18)

for all z € X and ¢t > 0. Appling (6), (9) and (18), we get
T2 (P, (90, 2),8401), P, (¢(x, —2), 84015)

P (0(22, ), ) P (6(0,0),240t))
<. P, (f(6x) — 7f(5z) + 21 f(4x)
— 35f(3x) + 35f(22) — 5060f(x), 1) (19)

for all z € X and t > 0. The relation (19) implies that

TPy (0(0,2), T20) P (8, —o), 1),
PLu(022,2), o). Pl (9(0,0), 21)

< Puv(22f(6z) — 154 f(5x) + 462 f (4x)
— T70£(32) + T70f(22) — 111320 f(x), 1) (20)
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for all z € X and t > 0. Plugging (17) to (20), one can obtain

TP (642, 2), 15),Ph (6(0,22), 15), P, (6(0, 62),1260),

P (o(62, 656) 126t), P, (9(0, 4x),18t), P, , (¢(4x, —4x), 18t),

PLa40:2) 0. Pt =20),60), P, (6(0,0), 5)

PL0(32,2), 52), P, (6(0,0),900), P, (6(0, ), Z20),
P;,,,<¢<x,—x>,21° 0, P (6020,2), 55). PLul6(0,0), 17
<1, P (—21f(52) + 119f (4x) — 273 f(3x)

+ 2842 (2z) — 75796 f (), 1) (21)

t)

for all z € X and t > 0. Letting y = = in (3), we have

Puo(@(@,2),t) <p Puo(f(5z) — Tf(42) + 21f(3)
—35f(2x) — 5005f(x) + 7f(—z) — f(—2x) — 21 f(0),1) (22)

for all z € X and ¢t > 0. Using (6), (9) and (22), we get

T° (P (6(0, )90t) 7” ¢z, —x),90t),
! (6(0,22),630t), P, ,(6(2x, —2x), 630¢),
PL,V((b(x? l‘), 1)7 ,P;/L,zx((b(O? 0)7 6Ot))

<1 Puu(f(52) — Tf(4z) + 21 f(3z)
— 34f(22) — 5012f (), 1) (23)

for all z € X and t > 0. So,

30
T5(P//J,,ll(¢(07 LL’), 7t)7,PL,V(¢(xJ —I‘), 3
P, (#(0,2zx),30t), P, (6(2x, —2x), 30t),
t 20
PLW(gb(m, SB), Q)v ’P;/L,y(qb(o’ 0)7

—1))
7
<y Puv(21f(5z) — 147 f(4x) + 441 f(3z)
— T14f(22) — 105252 (x), 1) (24)
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for all x € X and ¢t > 0. It follows (21) and (24) that

TP, (042, 2), 55)Ph(6(0,20), £5), P, (6(0,61), 630,
P:W(gb( T, 635) 63t), PLW(QZS(O,ZL:L‘),9t),73i'w,(qz5(4x,—4x),9t)

P 6(0,22),31), Pl (9(22, ~22),30), P, (9(0,0), 1)
Pl (6(32,7), <), Pl (9(0,0),451), P, (9(0, 2), 1),
Pl (6, ~2), 0), Pl (6(20, 7), 550, P2, (6(0,0), 520),
Pl (0(0,2), 1), Pl (62, ~2). % 7 Phol60020),15)

Pl (620, ~22), 150), P, (8(z,2 > ) PL6(0,0), )
<1, P, (—28f(4z) + 168 (3x)

+2128f(22) — 181048 (x), 1) (25)

168

for all x € X and ¢t > 0. Replacing (z,y) by (—z,z) in (3), we obtain

P (0(=w,2),t) <p Ppu,(f(Bx) — Tf(22) — 5019 f(x)
+35f(—x) — 21f(—2z) + 7f(=3x) — f(—4x) — 35f(0),t) (26)

for all z € X and ¢t > 0. By (6), (9) and (26), we have

P (60, 4),420t), P/, (¢(4w, —4x), 4201),

P (6(0,32),60t), P, , (¢(3z, —3x),60t), P, , (6(0, 2x), 20t),

TPl (6(—2,2), ) P60
(0 P, ,
(¢(2x, —2x),20¢), PL’V(QS(O, x), 12t), 'PL’V(gb(I, —x),12t),
(o

(

P9
P,’W $(0,0),24t)) <p P,.(f(4z) — 6f(32)
+14f(22) — 5040 (), ¢) (27)

for all z € X and ¢t > 0. Thus

TP, (o(—2, ), )P’ ,(6(0,4x),15t), P;, , (¢(4x, —4x), 15t)

168

17 t) P, (o(32, =3z

P (622, —22), = ) P (0, 7), = )7" o (0(2, =), Z1),

P (0(0.0).20)) <1 P, (28 (4r) — 168430
+302f(22) — 141120 f (), 1) (28)

P (9(0,3), )
3
7
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for all z € X and t > 0. By (25) and (28), we have

/ : 63
160) Prun9(0, 22), 160) P (6(0,62), 1),

P (667, ~62), 1), P, (60, 42), 510), P, (6(4z, —4x), 1)

TP, (d(4z, ),

Pl (6(0,22), —t>,7>' <¢<2x,—2x>,§t>,7>,;,y<¢<o,0),§t>,

P (6032, 2), 5o0), Pl (60,0), 54), Pl (6(0,2), 1),

P00, ), 500, Pl (9(22,2), =), Pl (6(0,0), 120),
15 15 15

77;7V(¢(O,:c),ﬁt) P, (o(x, =), 1—t),77’ L(#(0, 2x),?t),

P (6020, ~20), 1), P (0(,2), 502, Pl (90 >§t>

P (6(—2,1), 334> P60, 42), 1), Pl (94, —42), ),
P60, 30), 1), Pl (032, ~30), 1 e 1), Pl (0(0,20), 220),

P (6020 2x> 2 1), Pl (0(0,2), 3 1), Pl (0l —), 1),
P/,,(6(0.0). 164 >>

<1 P,.,(2520f(22) — 322560 (x), ) (29)

for all z € X and ¢t > 0. Thus
A1) <p Puo(f(22) = 27f(2), 1) (30)
where A(z,t) is defined in (5). Thus
A (250°02,28050¢) <1 P, (277 f(2'0) — f(2),0) (31)

for all z € X and t > 0. We consider the set 2 = {h: X — Y} and introduce the
generalized metric on X as follows:

d(hy, hs) == inf{C € (0,00) : A (2%0—1)1;, t> <1 Pun(ha(x)—ho(z), Ct), Vo € X,t > 0}

if there exists a constant C, and let d(hy, hy) = 0o, otherwise. It is easy to check
that d is a complete metric (see also [9]). Define the mapping J : Q@ — Q by
Jh(z) = 27"h(2x) for all z € X. Given hy, hy € Q and € be an arbitrary constant
with d(hy, hy) < €. Then

A (2%0*%, t) <1 P (hu(z) — ha(a), et)
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for all z € X and t > 0. So,
A 220Dy 2—7lt <p Puw(hi(2'2) — he(2'2), 2" et) = Puo(Thy(z) — Tha(z), €t)
3 Oél =L FFppv\tl 2 ) v 1 2 )

for all z € X and ¢ > 0. Hence, d(Jhy, TJhy) < 5“—7lld(h1,h2) for all hy,hy € €.
Thus J is a strictly contractive mapping of €2 with the Lipschitz constant ;“—711 It
follow from (31) that d(f, 7 f) < 272 *). By Theorem 2.1, there exists a mapping
H : X — Y satisfying:

(1) H is a unique fixed point of J in the set ; = {h € w : d(f, h) < oo}, which
is satisfied

H(2'z) = 2" H(x) (32)
for all x € X. In other words, there exists a C' > 0 with
A (220 02,8) <4 P (f(2) = H(2),C)

for all z € X and ¢ > 0.
(2) d(J"f,H) — 0 as n — oo. This implies that

H(z) = lim J"f(z) = lim 277" f(2"z)

forall z € X.
(3) For every f € Q, we have d(f, H) < lil%d(.jf, f). Since, d(Jf, f) <
25 (+1) we have d(f,H) < %. The last inequality shows that
O{_%(Z_l)
Az, t) <. P CH(z), 2

for all z € X and ¢ > 0. it follows from the relations (2) and (33) that the inequality
(4) holds. Replacing 2z and 2"y by x and y in (3), respectively, we get

P <¢(:c, )

for all z,y € X and t > 0. Letting n tends to infinity, we see that H is a heptic
mapping. 0

27n
- t) <y P, (Dnf(2"x,2my),2™) <p Py (27" D f(2"2,2™y), 1)

)
(0]

The following corollaries are the direct consequences of Theorem 3.2 concerning
the stability of (1).

Corollary 3.3. Let A be a nonnegative real number with X # 7, X be a normed
space with norm ||-||, (Z, P, T) be an intuitionistic fuzzy normed space, (Y, Py, T)
be a complete intuitionistic fuzzy normed space, and let zo € Z. If f : X — Y is a

mapping such that
P (2] + w120, 1) <p P (Dif (2,9), 1)
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for all x,y € X and t > 0, then there exists a unique heptic mapping H : X — Y
such that
63 79380 11340 45 105 9540

(4 +1)2.6"72-4 7430 +1) 2222 +1)" 2 3>
SL Pu,l/<H(x) —f(i[f),t)

P (ll]*20, ming 1128 — 2M¢)

forallz € X andt > 0.

PROOF. Setting ¢(x,y) := (||z||* + ||y||*)20 and applying Theorem 3.2, we get
the desired result. O

The proof of the following result is similar to the above corollary. So, it is
omitted.

Corollary 3.4. Let A be a nonnegative real number with X\ == r +s # 7, X
be a normed space with norm || - ||, (Z,P,,,T) be an intuitionistic fuzzy normed
space, (Y, P,.,T) be a complete intuitionistic fuzzy normed space, and let zy € Z.

If f: X — Y 1is a mapping such that
P (Il + lzl1* + 1yl1*)20,t) <z Puw(Dnf (2,),¢)

for all z,y € X and t > 0, then there exists a unique heptic mapping H : X — Y
such that
63 79380 11340 45 105 9540

305136030 1358 51) 22 12 11) 33"
|128 - 2)\|t) SL P;L,V(‘H(x) - f(l’),t)

Pl z0, min{

forallx € X and t > 0.

The idea of th following example is taken from [31, Example 3.7] which provides
an illustration.

Example 3.1. [31] Let (A, - ||) be a Banach algebra. Then (A,P,,,T) is
an IFN-space for which P, , is the intuitionistic fuzzy set defined in Example 2.5.
Define f: A — A via f(x) = 27 + ||z||zo, where x¢ is a unit vector in A. An easy
computation shows that

D4 f (e, )l < 1281 + 5177]y]
for all z,y € A. Thus
Pup([128[|x]| + 5177y l|]z0, 1) <L Ppuo(Dnf(z,y),1)
for all x,y € A and ¢t > 0. Consider ¢ : A x A — A defined through
o(z,y) = (128||lz|| +5177[lyl)zo  (z,y € A).

We have
Puu(20(x,y),t) <p P (d(2',2'y), 1)
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for all z,y € A and ¢t > 0 in which [ € {1,—1}. Therefore, all the conditions of
Theorem 3.2 hold when a = 2 # 27. It implies that f can be approximated by a
heptic mapping. In fact there exists a unique heptic mapping H : X — Y such

that
2205

¢
lllo, 56947 )
for all z,y € A and t > 0.

Pl <1 Puy(H(z) = f(2),1)
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