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Some coupled coincidence point results in
partially ordered metric spaces
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ABSTRACT. In this paper, we introduce the notion of partial-compatibility of map-
pings in an ordered partial metric space and use this notion to establish coupled
coincidence point theorems for ¢-mixed monotone mappings satisfying a nonlin-
ear contraction condition. Our consequences is an extension of the results of
Shatanawi et al. [W. Shatanawi, B. Samet and M. Abbas, Coupled fized point
theorems for mized monotone mappings in ordered partial metric spaces, Math.
Comp. Model., 55(3-4) (2012), 680-687]. We also provide an example to illustrate
the results presented herein.

1. Introduction and preliminaries

The concepts of mixed monotone mapping and coupled fixed point have been
introduced in [5] by Bhaskar and Lakshmikantham and they established some cou-
pled fixed point theorems for a mixed monotone mapping in partially ordered met-
ric spaces. Since then, coupled fixed point theory has been a subject of inter-
est by many authors regarding the application potential of it, for example, see
[4, 10, 11, 12, 13, 14] and references therein.

Definition 1.1. [5] Let (2, <) be a partially ordered set and ¥ : QxQ — Q be a
given map. We say that ¥ has the mixed monotone property if X («, /3) is monotone
nondecreasing in « and is monotone nonincreasing in [, that is, for all aq, as € €0,
a; =X ay implies Y(ag, 5) <X X(aw, B) for any 5 € Q, and for all 51,5y € Q, 51 = [y
implies that X(«, £1) < X(a, fa), for any o € Q.

Definition 1.2. [5] An element (o, 3) € © x Q is called a coupled fixed point
of mapping ¥ : Q@ x Q — Q if @ = X(a, f) and 8 = X(8, a).
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Later, Lakshmikantham and Ciric [17] introducing the notions of mixed ¢-
monotone mapping and a coupled coincidence point proved coupled coincidence
and the common coupled fixed point theorems for nonlinear contractive mappings
in partially ordered complete metric spaces.

Definition 1.3. [17] Let (€2, <) be a partially ordered set and ¥ : Q x Q — Q
and ¢ : 2 — Q be given two mappings. > has the mixed ¢-monotone property if 3
is monotone ¢-nondecreasing in its first argument and is monotone ¢-nonincreasing
in its second argument, that is, if for all oy, e € Q, da; = pas implies X(ay, f) =
Y(ag, ) for any 5 € Q, and for all #y, B2 € Q, ¢f51 = ¢f, implies X(a, f1) 2 X(a, 52)
for any o € ().

Definition 1.4. [17] An element (a, 5) € Q x § is called

(1) a coupled coincidence point of mappings ¥ : Q x  — Q and ¢ : Q — Q if
o(a) = X(a, f) and ¢(B) = X(f, «), and (¢pa, ¢3) is called coupled point of
coincidence.

(2) a common coupled fixed point of mappings 3 : Q x Q — Q and ¢ : Q — Q

if a = ¢(a) = S(a, ) and B = 6(8) = (5, a).

The notion of a partial metric space (PMS) was introduced in 1992 by Matthews
[18]. Matthews proved a fixed point theorem on these spaces, analogous to Banach’s
fixed point theorem. Recently, many authors have focused on partial metric spaces
and their topological properties (see e.g. [1, 2, 3, 8, 9, 15, 16, 17]).

The definition of a partial metric space is given by Matthews (see [18]) as follows:

Definition 1.5. Let 2 be a nonempty set and let p : Q x Q — R™ satisfies, for
all o, B,z €

(P1) a =B <= pla,a) = p(B,B) = p(a, B);
(P2) p(a,a) < p(a, 8
(P3) pla, B) = p(B, a);

(P4) p(a ,B) <pla, 2) +p(2, 8) — p(z, 2).

Then the pair (€2, p) is called a partial metric space and p is called a partial
metric on 2.

);
);

The function d, : Q x Q@ — R* defined by
dp(aaﬁ) = 2}?(0&,6) —p(Od,Oé) _p(ﬁaﬁ)>

satisfies the conditions of a metric on €2, therefore it is a (usual) metric on €.

Remark 1.1. (1) If a« = B, p(a, B) may not be 0.
(2) A famous example of partial metric spaces is the pair (R, p), where p(«, 3) =
max{«, 8} for all o, € RT.
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(3) Each partial metric p on Q generates a Ty topology T, on 0 which has a
base of open p-balls B,(a,€), where v € Q and € > 0 (By(a,e) = {8 € Q:
pla, B) < pla,a) +¢}).

On a partial metric space the following concepts has been defined as follows.

Definition 1.6. [18|
(i) A sequence {a,} in a PMS (€, p) converges to a € Qiff p(«, ) = lim,, p(av, o).
(ii) A sequence {a,}ina PMS (€2, p) is called Cauchy if and only if lim,, ,, p(au,, Q)
exists (and is finite).
(iii) A PMS (©,p) is said to be complete if every Cauchy sequence {a,} in
Q) converges, with respect to 7,, to a point a € Q such that p(a,a) =
limy, ., p(Qtny Q).
(iv) A mapping f : Q — € is said to be continuous at o € €2, if for every € > 0,
there exists d > 0 such that f(B(ag,0)) C B(f(ap),é€).

Let (€2, p) be a partial metric space and f : Q@ — Q be a given mapping. Suppose
that f is continuous at oy € Q. Then, for all sequence {a,} in Q, {a,} converges
to ag implies fa,, converges to fay.

If ¥:QxQ — Qis continuous at (g, fy) € Q x €, then for any sequences
{a,,} and B, in Q such that a,, = oy and B, — [y as n — oo in (£2,p), we have
Y(am, Bn) = (g, Bo) as n — oo in (€, p).

Some results of Shatanawi et al in [19] are the following cases.

Corollary 1.2. [19, Corollary 1] Let (2, X) be a partially ordered set and p
be a partial metric on  such that (2,p) is a complete partial metric space. Let
¥ QA xQ — Q be a continuous mapping having the mixed monotone property on §2.
Assume that for o, B,u,v € Q with a < u and [ > v, we have

p(E(0,8), 5(u,0) < ~fplar ) +p(8, )]

where k € [0,1). If there exists (o, By) € Q x Q such that oy < X(ap, fo) and
Bo = X(Bo, ), then 3 has a coupled fixed point.

Corollary 1.3. [19, Corollary 2] Let (2, =) be a partially ordered set and p
be a partial metric on  such that (2,p) is a complete partial metric space. Let
Y :Qx Q= Q be a mapping having the mized monotone property on 2. Assume
that for a, B,v,v € Q with a« X v and B > v, we have

k
p(E(a, B), B(v, v)) < 5lp(a,v) + (B, v));
where k € [0,1). Also, suppose that Q0 has the following properties:
(i) if{an} is a nondecreasing sequence and ov € Q with lim p(a,, o) = p(o, o) =
n—oo

0, then a,, = « for all n,
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(ii) if {a} is a nonincreasing sequence and o € Q with nli_)n;()p(ozn, a) =pla,a) =
0, then a = ay, for all n.

If there exists (ap, fo) € 2 x Q such that oy < X(av, Bo) and By = X(Bo, ),
then X has a coupled fixed point.

In this paper, we establish some coupled coincidence point results of nonlinear
contraction mappings in the framework of ordered partial metric spaces. Our results
extend and generalize the results of Shatanawi et al. [19].

2. Main results

We recall three easy lemmas which have a essential role in the proof of the main
results. This results can be derived easily (see e.g. [2, 18]).

Lemma 2.1. (1) A sequence {a,} is a Cauchy sequence in the PMS (2, p) iff
it is a Cauchy sequence in the metric space (2, d,).
(2) A PMS (2, p) is complete iff the metric space (Q,d,) is complete. Moreover,

limd,(a,a,) =0 < p(a, o) = limp(o, ay,) = lim p(a,, ).

Lemma 2.2. [1] Assume that o, — z as n — oo in a PMS (Q,p) such that
p(z,2) = 0. Then lim, p(a,, 8) = p(z, B) for every B € Q.

Lemma 2.3. [1, 15] Let (Q,p) be a PMS. Then,
(A) If p(a, B) = 0 then a = 5.
(B) If a # B, then p(a, ) > 0.

We define a notion of compatibility in the following:

Definition 2.1. The mappings ¥ and ¢ where X : Q x Q@ — Q and ¢ : 2 — €,
are said to be partial-compatible if

(1)
lim p(P(X(ewm, Bn)), B(p(an), ¢(6n))) = 0,

n—oo

and
Jim p(O(S(Br an), S(6(50), (60a)) = 0,

whenever {a,,} and {5,} are sequences in 2 such that X(«,, 5,) — «a,
d(an) = a, X(Bn, ) — B and ¢(B,) — S, for some «, f €
(2) p(a, @) = 0 implies that p(pa, pa) = 0.

Note that the above definition extends and generalizes the notion of compatibility
introduced by Choudhury and Kundu [7].
Our main result is the following.
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Theorem 2.4. Let (2, =) be a partially ordered set and suppose that there is
a partial metric p on Q such that (2,p) be a complete partial metric space. Let
YO xQ—Qand a:Q — Q be two mappings such that

p(E(e, B), X(v,v))
< anp(oa, pu) + aop(dy, ov) + asp(B(a, ), pa) + asp(X(B, ), ¢3)
—|—O{5p<2(06, 6)7 ¢u) + aﬁp(z(ﬁ7 Oé), Qb?]) + Oé7p(E(U, V)? ¢a>
+OK8P<E(U, u)7 ¢B) + Oégp(Z(U, V)? ¢u) + a10p<2(vv u)a ¢U))7
for every pairs (o, ), (v,v) € Q X  such that pa < ¢pu and ¢S = ¢v, where
(1) a7+ag+zglai <1, ifas —a; <0 and ag — ag < 0;
(2) ozg—i-zglozi <1, ifas—a; >0 and ag — ag < 0;
(3) 0474‘22210% <1, ifas—a; <0 and ag — ag > 0;
(4) Zglai <1, ifas—a; >0 and ag — ag > 0.
Suppose that
(1) B(Q2 x Q) € o(Q);
(2) X has the mized g-monotone property;

(1)

(3) ¢ is continuous and monotone increasing and > and g be partial-compatible
mappings.

Also, suppose

(a) X is continuous, or,
(b) Q has the following properties:

(i) if {an} is a nondecreasing sequence and o € 2 with Ji_)n;op(an, a) =pla,a) =
0, then a,, =< « for all n,

(i) if {an} is a nonincreasing sequence and o € Q with nlig)lop(ozn, a) =pla,a) =
0, then a = ay, for all n.

If there exist ag, By € Q such that ¢pay < X(ap, Bo) and (5o, ap) = ¢Po, then X
and ¢ have a coupled coincidence point in Q.

PROOF. Let ap, By € Q be such that ¢ay < X(ap, fy) and @By = X(Bo, ).
Since X(2 x Q) C ¢(f), we can define aq, 51 € 2 such that pag; = 3(ay, fo) and
B = B(Bo, ap), then day =X X(ag, fy) = ¢ar and 9By = (5o, ag) = ¢f1. Since X
has the mixed g-monotone property, we have ¥(ag, fy) = X(a1, fo) = X(aq, f1) and
Y(Bo, an) = X(B1,ap) = X(B1,aq). In this way we construct the sequences z, and
t, inductively as z, = ¢a,, = X(an_1,Yn_1), and t,, = o8, = X(Yn_1, 1), for all
n > 0.

We can easily show that for all n > 0, 2,1 <X z,, and t,_1 = t,. We complete
the proof in three steps.

Step 1. Set

571, = p(zn—la Zn) + p(tn—la tn)7
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we shall show that
lim 6,, = 0.

n—oo

Since ¢a,,_1 X ¢ay, and @B, 1 = ¢pay,, using (1), we obtain

p(Zn, Zn-H) = p(z(an—h yn—l)a Z(ana yn))
S alp(¢an—1a gban) + a2p(¢ﬁn—1> gyn) + a3p(2(an_17 yn—l)’ qbo‘n—l)
Faup(E(Yn-1, @n-1), gYn-1) + asp(E(n-1, Ba-1), )
+ap(E(Bn-1, tn-1), ®Bn) + azp(X(an, Bn), pan-1)
+O‘8p<2(6m an>’ Qbﬁn—l) + QQP(Z(O%; 6’!1)7 Qban) + Oflop(z(ﬁm an)7 gbﬁn)
= a1P(2n-1, 2n) + @2P(tn, tno1) + asp(2n, 2n—1) + up(tn, tn_1) + asp(2n, 2n)
Fagp(tn, tn) + arp(Zng1s Zn—1) + agp(tnss tno1) + p(Zng1, 2n) + a10p(tngr, tn)
< Oélp<zn71> Zn) + a2p(tnfl> tn) + a?)p(znv anl) + a4p(tn, tn71>
+(as — ar)p(zn, 2n) + (ag — ag)p(tn, ty)
+az[p(zni1; 2n) + (20, 20-1)] + @s[p(tnir, tn) + p(tn, tn-1)]
+agp(zni1, 2n) + @10p(tns1,s tn)-

In a similar way, as ¢3,_1 = ¢3, and ¢a,,_1 =X pa,,, we have

p(tna tn—i—l) = p(E(Yn-1, an—l)v X (Yn, an))
< arp(tn-1,tn) + 2p(2n-1, 2n) + @3p(tn, tn1) + uap(2n;, 2n-1)
+(as — ar)p(tn, tn) + (a6 — ag)p(zn, 2n) (3)
+ar[p(tni, tn) + pltn, th1)] + aslp(zni1, 20) + P(2n, 20-1)]
+agp(tnit, tn) + a10p(Zna1, 2n)-
We have four cases:
Case 1. a5 — a7 <0 and ag —ag < 0. As p(zn, 2n) < p(2n+t1, 2n) and p(t,, t,) <
p(tni1,tn), removing the terms azp(zn, 2n), asp(zn, zn), @rp(tn,t,) and agp(t,,t,)
and adding (2) and (3), we get

5n+1 S [Oél + (0%) + a3 + (07) + (0% + a8]5n (4)
+las 4+ ag + o + as + g + a1gldny1-

Case 2. a5 —ay > 0 and ag — ag < 0. Adding, (2) and (3), by a careful
computation, we infer

Oni1 < oqg + as + az + ay + a7 + agld,
+las + a6 + ag + ag + aq0]0ps1-

Case 3. a5 — a7 < 0 and ag — ag > 0. Similarly, we have

Oni1 < og+ag+ ag+ ay + a7 + agld,
+las + a7 + ag + g + a10)0n41-

Case 4. a5 — a7 > 0 and ag — ag > 0. Again, we can obtain that

(5)

5n+1 S [061 -+ Q9 -+ Q3 + Oy + [07%4 + ag]én
+[C¥5 + o + g + 0610]§n+1.
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Repeating the above process, we have

5n+1 S 04671 S 0425n—1 S T S an+150’ (8>
where a € [0, 1). Hence,
lim §, = 0. 9)
n—0o0
Step II. {z,} and {t,} are Cauchy. Now, we claim that lim p(z,,2n) +

n,m—00
p(tn,tm) = 0.

Suppose to the contrary, then there exists ¢ > 0 for which we can find sub-
sequences {Zmk} and {z,u} of {z,} and {t,u} and {t,u} of {t,} such that
n(k) > m(k) > k and p(Zm), Znk)) + P(tmk), tary) > €, where n(k) is the smallest
index with this property, i.e.,

P(Zm(k)s Znk)—1) + D(tm(k), tay—1) < €. (10)
From triangle inequality,

€ < p(2m(k), 2nk)) + P(tm(k), tu(k))
< P(Zm(k), Zn(k)—l) + P(Zn(k)—l, Zn(k)) (11)
+p (k) tn)—1) + P(Enk) 15 taik))
< e+ P(Zagk)-1 Zn()) + P(tagr)—1: tag)) = € + Sni)-

If £k — oo, as lim 6,, = 0, we conclude that
n—oo

. p(2m(k), Zn(k)) + P(Em(r)s tnk)) = €. (12)

k—o0

Since,

P(Zm(k)+15 Zn(k)) + PEmk)+1: tnck))
< P(Zmk)+15 Zmk)) + Pty 11, tnik)) + P(Zmk), Znry) + P(Emy, tawy) — (13)
= Omw)+1 T [P(Zm(r)> 2ar)) + (i) taii)],

and

P(Zm(k), Zn(k)) + P(tmr), tar))
< PZmk)s Zmk)+1) + P(Emk)s tme)+1) + P(Zmk) 115 Znk)) + PEm)+1; tary)  (14)
= Omiy+1 + [P(Zmk)+15 Znk)) + P15 )]s
we have
M p(2mk) 15 2nk)) + PEmk)+15 tar)) = € (15)

k—o0
In a similar way, we get

im p(2n(k)+15 Zmk)) + P(Enik)+1; tm(k)) = €. (16)

k—o00

Since,

P(Zm@k)+15 Znk)+1) + P(Emk)+15 tnk)+1)
< P(Zm(k)+15 Zmk)) + P(mk)+15 b)) + P(Zmk)s Zn)+1) + Py tay+1)  (17)
= Om@k)+1 T [P(Zm)s Zn)+1) + P(m(k), tagi)+1)]5
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and

P(Zmk)s Zn(k)+1) + Ptk tagry+1)
< P(Zmk) Zm)+1) + Ptmk)s tmgiy+1) + P(Zm)+15 2oy +1) + P(Em@)+15 ta)+1)
= Om)+1 + [P(Zme)+1, Zny+1) + P(Em+1, ta+1)];
(18)
we have
kli_{{)lop(zm(k)ﬂa Znk)+1) T P(Emk)+1> tn(k)+1) = €. (19)

As oy = daney and @Bmk) = OBnwk), PULtING & = k), B = Ym(k), U = Qn(k)
and v = Y, in (1), for all £ > 0, we get

P(Zm()+15 Zn(k)+1) = P(E(Qmr), Y )s D(nk)s Yn() )
< 041p<¢04m (k) ¢an ) + Oé2p(¢5m ¢ﬂn( )

+asp(X(a ( ) Um(k))» Pm(iy) + 04410(E Ym(k)> Om(k))> DBm(k))

+asp(X(Wmr)s Bmk))> Pnk)) + A6P(E(Bm(k)s Q) ), Bn(k))

+az[p(X (an k)ﬁn(k) P (k)) + agp(X 5n(k (k) ), DBm(k))

+aop(E(n(k); Buk))s @) + 10P(X(Bnr)s Wn()), BBn(i)) (20)
= a1P(Zmk)s Zn(k)) + 04219( m(k)> In(k))

Fasp(Zm(i)+1, Zm(k)) T aP(tm )+1, (k)

Fas5D(Zm(k)+15 Zn(k)) + 6P (Emk)+1, tntk))

Faz[p(Zne)+15 Zmek)) + 8P (tn(e)+15 m(k))

F9P(Zn(k)+15 Znk)) + Q10D (k)15 tn(i))-

—_ =2 =

Also,
P(Eme) 41 tagy+1) = PE(Ymkys Wnk))s Z(Yn(k)s Gnr)))
< a1p(tmiys tak)) + Q2D(Zm(k) s Zn(k))
+azp(bm()+1; tmr)) + aP(ZmE)+1; Zmk)) (21)
+asp(tmr)+15 b)) + Q6D (Zmk)+15 Zn(k))
Far[p(tn)r1, tmery) + Q8P(Zngky+15 Zm(k))
Faop(tn)y+1, b)) + Q10P(Zn(k)+1, Zn(k))-
Adding (20) and (21), we obtain

P(Zm(k) 415 Znky+1) + P(Emk) 115 tnk)+1)
< (a1 4+ @2)[P(zmw); Znek)) + P(Emk)s tuge) )]
+(a3 + a)p(Zmm)+15 Zmr)) + P(Em)+1, m(k )] (22)
+(a5 + ) [P(Zm)+15 Znk)) + P(Emk) +1> n(k))]
+(ar + ag)[P(Zmk), Znk)+1) + P(Em)s tn(k)+1)]
+(ag + @10)P(Zn(k)+15 Zn(k)) + PEn@) 1, taik))]-

Now, if & — oo in (22), from (9), (12), (15), (16) and (19), we have
15 S(Oé1+042+a5+0é6+067+068)6<5, (23)

which is a contradiction.
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This proves that {z,} and {¢,} are Cauchy sequences in (£2,p) and hence {z,}
and {t, } are Cauchy sequences in the metric space (2, d,). From Lemma 2.1, (2, d,)
is complete, so {z,} and {t,} converges to some z,t € () respectively, that is

lim d,(2z,,2) =0 and lim d,(t,,t) = 0. Therefore, from Lemma 2.1, we have

p(z,2) = lim p(z,,2) = lim p(zn,2m) =0, (24)
n—00 ,M—00
and
pt,t) = lim p(ty, 2) = lim p(te,tm) = 0. (25)
Step III. We show that ¥ and g have a coupled coincidence point. From the
above step,
lim p(X(a, Bn), 2) = lim p(¢an, z) =0, (26)
n—oo n—oo
and
Tim p(X(Bn, an),t) = lim p(¢f,,t) = 0. (27)

Since ¥ and g¢ are partial-compatible, from (24), (25), (26) and (27), we deduce

lim p(¢<E(QN7 671))’ E(¢ana Qb/Bn)) = nh_{gop(gb(z(ﬁm an)), E(gbﬁm pay)) =0, (28)

n—o0

and

p(¢z, ¢z) = p(ot, ¢t) = 0. (29)

Next, we prove that ¢z = X(z,t) and ¢t = 3(t, z). Suppose that (a) is satisfied.
For all n > 0, we have

p(¢z, B(dam, 9Bn)) < p(92z, ¢(X(m, Bn))) + p((E(m, Bn)), B(@wn, ).

Taking the limit as n — oo, (26), (27), (28), (29), using Lemma 2.2 and the
fact that X and ¢ are continuous, we have p(¢z,3(z,t)) = 0. Similarly, we have
p(¢pt, X(t, 2)) = 0. Combining the above two results we get ¢z = X(z,t) and ¢t =
X(t, 2).

Next, we suppose that (b) holds. We know that {¢«, } is nondecreasing sequence,
¢a, — z and {¢f,} is nonincreasing sequence, ¢, — t as n — oo. Then by (i)
and (ii), we have for all n > 0, ¢«,, < z and ¢f,, = t.

Since ¢ is continuous, by (26) and (27), we get

lim p(g(dan), g92) = lim p(¢(6f), gt) = 0. (30)

Now,

p(6z,X(2,1)) < p(¢2, p(¢on11)) + p(d(ami1), X(2,1)). (31)
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Taking limit as n — oo in the above inequality, as ¢, 1 = X(ay, 5,) and using
triangle inequality, (28) and (30), we infer

p(oz,(z,1))
< lim p(gz, ¢(¢an 1)) + lim p(¢(E(am, Bn)), E(dan, ¢,))
+ lim p(X(gan, 96,), 3(2, 1))
< lim p(X(¢an, 9Bn), X(z,1))-

On the other hand, since ¢ is monotone increasing, by (i), (ii) and (30), we have
d(pay,) X gz and ¢(pf,) = ¢t. So, for all n > 0, from (1)

p(X(dan, pyn), X(2,1))

S alp(¢¢an7 ¢Z) + a2p(¢¢ﬂm gt) + a3p<2(¢an7 gbﬁn)a ¢¢an)
—f—qu(Z(gbﬂn, gban)v ngbﬁn) + a5p(2(¢an, ¢5n)7 ¢Z) (32>
+a6p(2(¢ﬁn7 gban)? gbt) + cwp(Z(Z, t)? ¢¢an)
+asp(X(t, 2), g9yn) + aop(E(z, 1), ¢2) + arop(X(2, 2), ¢t).

In the above inequality, if n — oo
Tim p(S(gan, 9Bn), X(2, 1)) (33)
< (a7 + ag)p(X(2,1), 92) + (as + a10)p(E(E, 2), ¢t).

Analogously,
p(ot, B(t, 2)) < p(dt, 9(dBn+1)) + p(0D(Br1), B(t, 2)).- (34)

Taking limit as n — oo in the above inequality, since ¢5,11 = X(6,, @,) and
using triangle inequality, (28) and (30), we have

p(t, X(t, 2))
< lim p(gt, ¢(dfns1)) + lim p(@(5(5n, an), B(d 5, pan))
+ lim p((¢fn, gan)), X(t, 2))
< Tim p(S(0,. dar,), S(t, 7).
Similar to the above argument, we get
Tim_ p(3(6n, pom), 51, 2))
< (a7 + ag)p(X(t, 2), Pt) + (as + c10)p(X(2, 1), ¢2).
Adding, (33) and (35) and using (31) and (34), we obtain

P62, 2(=1)) + p(61, (1, 2)) .
< (a7 + ag + ag + a1)[p(9z, X(2, 1)) + p(ot, E(1, 2))].

Therefore, p(¢z,3(z,t)) + p(¢t, X(t, 2)) = 0, that is, X(z,t) = ¢z and X(t, 2) =

ot. O

(35)
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Many results can be deduced from the above theorem as follows.

Corollary 2.5. Let (2, =) be a partially ordered set and suppose that there is
a partial metric p on Q such that (2,p) be a complete partial metric space. Let
X:OQxQ—Qand g:Q— Q be two mappings such that

p(E(a, 8), E(v,v)) < aup(oa, pu) + azp(9B, dv), (37)

for every pairs (a, ), (v,v) € Q X Q such that pa <X ¢u and ¢S = ¢v, where
a1 + ag < 1. Suppose that
(1) S(2 x Q) € 6(9);
(2) X has the mized g-monotone property;
(3) ¢ is continuous and monotone increasing and 3 and g be partial-compatible
mappings.
Also, suppose that

(4) X is continuous, or,
(5) Q has the following properties:

(i) if {an} is a nondecreasing sequence and o € 2 with Jln;op(a”’ a) =pla,a) =
0, then a,, =< « for all n,

(i) if {an} is a nonincreasing sequence and o € Q with 7Lliﬁl({)lop(ozn, a) =pla,a) =
0, then a = ay, for all n.

If there exist ag, Py € ) such that pagy = X(ap, Bo) and X(Bo, ) X ¢y, then X
and ¢ have a coupled coincidence point in ).

Remark 2.6. If in the above Corollary, we assume ¢(a) = « for all a € Q and
a1 = ag, then we obtain the results of Shatanawi et al. in [19] which are noted here
in Corollaries 1.2 and 1.5.

Corollary 2.7. Let (2, =) be a partially ordered set and suppose that there is
a partial metric p on Q such that (2,p) be a complete partial metric space. Let
YO xQ—=Qandg:Q— Q be two mappings such that

p(E(e, ), X(v,v)) < ap(E(e, B), o) + azp(X(B; a), ¢3)
+a3p(2(v, V)a gbu) + Oz4p(2(’l), u)a gbv)),
for every pairs (a, ), (v,v) € Q X Q such that pa <X ¢u and ¢S > ¢v, where
S < 1
Suppose that
(1) S(2 x Q) € 6(9);
(2) X has the mized g-monotone property;

(3) ¢ is continuous and monotone increasing and 3 and g be partial-compatible
mappings.

(38)

Also, suppose that
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(a) X is continuous, or,
(b) Q has the following properties:

(i) if {an} is a nondecreasing sequence and o € Q with lim p(a,, o) = p(a, o) =
0, then oy, = « for all n, A

(ii) of {an} is a nonincreasing sequence and o € S with nli_}rilop(an, a) =pla,a) =
0, then a = ay,, for all n.

If there exist ap, By € Q2 such that pagy = X(ap, Bo) and X(Bo, ) X ¢y, then X
and ¢ have a coupled coincidence point in Q.

Corollary 2.8. Let (2, <) be a partially ordered set and suppose that there is
a partial metric p on Q such that (2, p) be a complete partial metric space. Let
X xQ—=Qand g:Q — Q be two mappings such that
P(E(0 ). B(0,1) < aupl(S(0rB),ou) + ap(S(5.0). ov) )
+aap(B(v,v), pa) + asp(B(v, u), ¢8),
for every pairs (a, B), (v,v) € Q x Q such that pa < dpu and ¢ = ¢v, where
(1) 043—1-044—1-2?:104@- <1, ifa; —a3 <0 and ag — ay < 0;
(2) 044—1-2?:1041- <1, ifa; —a3>0 and ay — ay < 0;
(3) ag—i-zzl:lai <1, ifay —a3 <0 and ag — ay > 0;
(4) Zleai <1,ifa; —a3 >0 and ag — ay > 0.
Suppose that
(1) $(2 % Q) C 6(9);
(2) X has the mized ¢p-monotone property;
(3) ¢ is continuous and monotone increasing and > and g be partial-compatible

mappings.
Also, suppose that

(a) X is continuous, or,

(b) Q has the following properties:
(i) if {an} is a nondecreasing sequence and o € Q with lim p(a,, o) = p(o, o) =
n—oo
0, then oy, =< « for all n,

(i) if {an} is a nonincreasing sequence and o € Q with 7Lliﬁl({)lop(ozn, a) =pla,a) =
0, then a = ay, for all n.

If there exist ap, By € 2 such that poy < X(av, Bo) and 3(5y, ap) =X dbetag, then
Y. and ¢ have a coupled coincidence point in €.

According to [7, Example 3.1], we present the following example to illustrate our

results.

Example 2.2. Let Q = [0,1]. Then (2, <) is a partially ordered set with the
natural ordering of real numbers. Let p(«, 8) = max{a, #} for all o, 5 € [0, 1]. Then
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(92, p) is a complete partial metric space. Let ¢ : Q — Q be defined as ¢(a) = a?,
for all « € Q and ¥ : Q2 x 2 — Q be defined as

CB i o > B,

RO I

Obviously, ¥ enjoys the mixed g-monotone property. As in Example 3.1 of [7],
we can show that the mappings > and ¢ are partial-compatible in €2.

We next verify inequality (1) of Theorem 2.1. We take a, B,u,v € § such that
da < gu and ¢ > ¢v, that is, o? < u? and 5% > v2. We consider the following
cases:

Case 1: >  and u > v:

p(E(a, ), S(v, v)) = max{ O Wty — vl
1.2 1 2 1 2 1 2 1. .2 1 2
< qut B+ ot 4 580+ et 4 v

1 ) 1p2 , 1,2, 1,2
o max{ 5=, 0 + 54+ Ut 4 pu

40
— aup(6a, 6u) + azp(9, 6v) + asp(S(a, B), 60) + ap(S(B,0),09)
+asp(E(a, B), pu) + asp(E(B; @), pv) + azp(X(v, v), da)
+agp(X(v, u), 98) + agp(E(v, v), du) + aiop(E(v, u), v),
Case 2: a > f and u < v:
p@mﬁ>mvm>rmna%im=“j2
= ﬁu + 1152 + 1104 + 1152 ﬁu2 + ﬁv2
+HO£ + 152 ﬁu + (41>
= arp(¢a, pu) +a2p(¢ﬁ,¢v) + azp(E(a, B), pa) + aup(X(B, a), $B)
+asp(E(a, B8), du) + asp(E(B, a), pv) + azp(E(v, v), da)
+a8p(2(vv u)v Qbﬁ) + QQP(E(Uv V)a qu) + Oélop( ('U u) ¢U)7
Case 3: a < f and u > v:
p(Z(a,B) ¥ (v, 1/)) = maX{O, “21_2”2} = “21_2”2 .
= ﬁu + 1162 ﬁo‘ + 11152 ﬁUQ + ﬁmax{ﬂ 3 v}
+max{“ % 0%} + L 6% + Lu? 4 S0P (42)
= aip(¢a, <25u) +azp(¢5 ¢v) +043p(2( ,B), o) + aup(E(B, ), 93)
+asp(E(a, B), pu) + asp(E(B, @), ¢v) + arp(E(v, v), )
—FOégp(Z(U, u)? ¢B) + @9P<E(U, )7 (bu) + 04101?( (U u) ¢U),
Case 4: a < f and u < v:
p(X(a, 8), X(v, 1/)) max{0,0} =0
1_11u 162+ o’ + 152 ﬁu2+ﬁmax{ﬁ2ga2,v2}
+1LOZ + 1152 %U + 1 2 (43)

(¢a ¢U) + an(¢ﬁ ¢U> + a3p<2(a7 ﬁ)? ¢a> + a4p( (6 )7 ¢ﬁ>
+a5p(2(a75),¢U) + ap(X(8, @), ¢v) + arp(E(v, v), o)
+asp(X(v, u), 9B8) + agp(X(v, v), du) + aiop(X(v, u), v).
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Thus, it is verified that ¥ and ¢ satisfy all the conditions of Theorem 2.1 with

a; = +, for all 1 < i < 10. Here (0,0) is the coupled coincidence point of ¥ and ¢
in €.

11
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