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Biflatness of Banach algebras modulo an ideal
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ABSTRACT. Biflatness of Banach algebras is one of the important topics in the
study of cohomological properties of Banach algebras. This concept has a close
relationship with the amenability of Banach algebras. In this paper, we introduce a
new notion namely biflatness of Banach algebras modulo closed ideals. Moreover,
we define the concept of virtual diagonal modulo ideals for investigating biflatness
of Banach algebras modulo closed ideals. We show that biflatness of a Banach
algebra A modulo I is equivalent to the existence of I-virtual diagonal modulo
ideal I. By this result, we show that amenability of A/I implies biflatness of A
modulo I. Moreover, we investigate the relationship of biflatness of the Banach
algebra A modulo I with the biflatness of A/I. Finally, biflatness of Banach
algebras modulo closed ideals is weaker than biprojectivity of them modulo closed
ideals and provide examples to better understand the content

1. Introduction

Let A be a Banach algebra and X be a Banach A-bimodule. Amap D : A — X
is called a derivation if

D(ab) = a- D(b) + D(a) - b,

for all a,b € A. A derivation D : A — X is called an inner derivation if for
any a € A, there exists x € X such that D(a) = a -z — z - a. The space of all
continuous derivations from A into X is denoted by Z!'(A,X) and the space of
all continuous inner derivations from A into X is denoted by N'(A, X). The first
Hochschild cohomology group of A with coefficients in X is denoted by H!(A, X) =
Z'A,X)/N' (A, X). A Banach algebra A is called amenable, if any continuous
derivation from A into the dual of a Banach A-bimodule X is inner. In the other
word, A is amenable if H'(A4, X*) = 0. As generalization of amenability of Banach
algebras, Amini and Rahimi in [1] introduced the notion of amenability of Banach
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algebras modulo an ideal. Let A be a Banach algebra and I be a closed ideal of A.
Then A is amenable modulo [ if for every Banach A-bimodule X such that [ - X =
X -I =0 and every derivation D from A into X* is inner on A\ = {a € A:a ¢ I}.
Moreover, for more information see [8].

Recently, Rahimi and Ghorbani introduced and studied the notion of biprojectiv-
ity of Banach algebras modulo an ideal in [5]. A Banach algebra A is called biprojec-
tive modulo I, if 7 : A/IRA/J — A/I has a right inverse p : A/I — A/I®A/.J such
that pom = ids/;, where J is the closed ideal that is generated by {ai : a € A, i € I'}.
In this paper, we denote the members of A/I and A/J by a and b, respectively.

An other important property of homology of Banach algebras is biflatness of
these algebras. A Banach algebra A is called biflat if there exists an A-bimodule
morphism A : A — (A@A) ™ such that 7 o \ is the natural embedding map in A**
[6]. Moreover, for the module version of biflatness of Banach algebras, we refer to
[2]. In this paper, inspiring with [5], we define biflatness of Banach algebras modulo
an ideal and give some results related to this new notion.

2. Biflatness modulo an ideal

Throughout of this section, we let A be a Banach algebra and I be a closed ideal
of A. We commence with the following definition.

Definition 2.1. A Banach algebra A is biflat modulo 7, if there is an A-bimodule

morphis \ : % — (?@%)** such that 7** o A is the natural embedding map in (%)**

Definition 2.2. An element M € (%@%)** is called an [-virtual diagonal for A
if for every a € A the following statements hold:
(i) a-M =M -a.
(i) a- (M) = a.
Lemma 2.1. Let A be a Banach algebra and I be a closed ideal of A. If there
1s an I-virtual diagonal for A, then ? has a bounded approximate identity.

PROOF. Let M be an I-virtual diagonal for A. Thus there exists (€4)aca C 4
such that &, ~» 7*(M). Then according to Definition 2.2(ii) we have:
a-m*(M)=w"—limae,
—a "
= w* — li;n € Q.
This shows that (€)aea C 4 is a bounded approximate identity for 2. O

Theorem 2.2. A be a Banach algebra and I be a closed ideal of A. Then A has
an I-virtual diagonal if and only if% has a bounded approximate identity and A is
biflat modulo I.
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PROOF. Let M be an I-virtual diagonal for A. Then by Lemma 2.1, 7*(M) is
a bounded approximate identity for ? where we show that by (€)aca. Clearly, 7**

is an A-bimodule morphism. Define A : % — (é@%)** by

MNa)=a-M

for all a € ?. We now show that A is an A-bimodule morphism. For any b € A and
ac é we have:

and

Hence ) is an A-bimodule morphism. Moreover, for all a € % we have:
™ o\a)=71"*(a-M)
=a-m*(M)
= a.
Thus, A is biflat modulo 1.
Conversely, suppose that ? has a bounded approximate identity say (€, )aca and

A is biflat modulo I. Hence there is an A-morphism A : % — (?@%)** such that
T o\ = id(?)**. Moreover, there exists m € (%)** such that e, 2% m. We now
define M = m ®@ m. Thus M € (%@é)** Let A(é,) = M . We have:
a-m*(M) = lima - 7 (M)
= limaa - 0 N(€q)
= l%na €y =0
and
a-M =lima- M
— limaA(e,)
= )\Czlimaéa) = \a)
= )\(li?néaa)
— A(limé,) - a
=M ~aa
These show that M is an [-virtual diagonal for A. 0

Corollary 2.3. Let A be a Banach algebra and I be a closed ideal of A. ]f? 18
amenable, then A is biflat modulo I and has an I-virtual diagonal for A.
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PROOF. By [9, Theorem 2.2.4], 4 has a virtual diagonal M € (%@%) such that
a-m*(M)=aanda-M = M -a, for all @ € 4. Define a mapping A : % (%‘@é)
by Ma) = a- M, for all a € %. Similar to the proof of Theorem 2.2, A is an
A-bimodule morphism. Then

7o Na)=n"(a- M)
a-m*(M)

I
'Q\

Thus, A is biflat modulo I. Moreover, by Theorem 2.2, A has an [-virtual
diagonal. N

Corollary 2.4. Let A be a Banach algebra and I be a closed ideal of A. If A is
amenable modulo I, then it is biflat modulo I.

PROOF. By [1, Theorem 6], ? is amenable and so by Corollary 2.3, A is biflat
modulo . 0J

Theorem 2.5. Let A be a Banach a,lgebm and I be a closed ideal of A. If A is
biflat modulo I such that the mapping X : (?@%) (deﬁned mn Deﬁmtzon 2.1)
S an —-bzmodule morphism and satisfies )\ ( ) (%)* ( ) then £ 45 biflat.

PROOF. Set A(a) = > 2 1ozn ® B, for alla € 4 7, where @, € (?)** and 3, €

(%)** Consider a mapping ¢ : 7 — ‘;‘ deﬁned~ by L( ) = a, for every a € i We
now define A = id(?)** ® ™. Thus, A(la® p) = a® g, for all a € (%) and
Be (%)** Consider a mapping @ : ? — (?@%)** by ® := Ao A. Since A and A
are ?—bimodule morphism, ® is an ?—bimodule morphism and

7 0 ®(a) = 7 0 Ao A(a)

—ﬂ'? oA(Z ﬂozn@ﬁn)
— % (500 )

= ZZO 1 7TA (an ® Bn)

= Ziil O_‘an = ZZO:1 @
5 e (a

=7 (Ziil an @ Bn

=1 o A(a)

= CL7
for every a € %. This completes the proof. O

We now give a result related to biprojectivity modulo an ideal of a Banach
algebra and biflatness of that Banach algebra modulo that ideal.
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Theorem 2.6. Let A be a Banach algebra and I be a closed ideal of A. If A**
1s biprojective modulo I**, then A is biflat modulo I.

ProoF. Consider an A**-bimodule morphism p : (A)** — (é)** ® (é)** such

T I J
that for ma= : %@f}:; — ‘?** we have max o p = ida~. Consider a map-
I** I** I**
ping py = p’? : ? — (?)**@9(%)** By [4, Lemma 7-1], there is a mapping
D : (?)** ® (é)** — (’%@é)** such that for all a € ?, be § and M € ’?@f}—
(i) @ (awb) —awh
(i) P(a-M)=a-®(M)and (M -a) =P (M) -a
(iii) 7 (B(M)) = maxe (M)
I * 3k
w5 o®op(a) =75 0@ (Lo, (an @)
I
oy (5 (o)
=y (@n ® B
= Zzo—l P 220—1 O B,
— n=1 W% <6Kn ® /Bn
o (5 (a0 1)
= Ta* O pola
I*
= a.
Thus, A is biflat modulo 1. O

Example 2.3. Let A and 2 be two Banach algebras such that A is a Banach
2A-bimodule. The amalgamated Banach algebra A x 2A is defined by the following
product and norm:

(a,a) (b,8) = (ab+a-b+a-B,ap)
and
I (@) =l a la+ Il o fla
These Banach algebras are introduced by Javanshiri and Nemati in 7] and their
biprojectivity and biflatness are investigated by Ebadian and Jabbari in [3]. If Ax2
is amenable, then by [3, Proposition 4.3], 2( is amenable. Moreover, from Aj% =9

[7, Remark 3.1], so % is amenable. Then by Corollary 2.3, A x 2l is biflat modulo
A.

3. Applications on semigroup algebras

In this section we consider discrete semigroups and Banach algebras on them.

Let S be a semigroup and p be a group congruence on S. Define the quotient

mapping ¢ : S — %. Then one can extend ¢ to a surjective homomorphism
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P NS) — 1t (%) where ker g is a closed ideal of ¢*(S) that we denoted it by I,.

Moreover, by [1, Lemma 15], ¢! (%) = 611(_,:9)

Theorem 3.1. Let S be a semigroup and p be a group congruence on S such
that % is infinite and (! (%) is amenable. Then (*(S) is biflat modulo I, and is not

biprojective modulo I,.

£(S)
Ip

PROOF. Since ¢! (%) is amenable,

(*(S) is biflat modulo 7,,.

If ¢1(S) is biprojective modulo I,, then by [5, Theorem 3.1], % is finite. A

contradiction, because % was infinite. O

is amenable. Then by Corollary 2.3,

Example 3.1. Let S = {p™q¢" : m,n > 0} be the bicyclic semigroup generated
by p and ¢. By [1, Example 1], the idempotent set of S i.e., E(S) is as follows:

{P"¢" :n=0,1,2,...}.

Define the group congruence p on S by spt if and only if there exists e € E(S5)

such that es = et, for all s,t € S. Then % = Z. Hence, (}(Z) = Z%S) By [1,

Example 1], ¢*(S) is amenable modulo I,. Then by Theorem 3.1, ¢*(S) is biflat
modulo I,. Note that ¢*(S) is not biprojective modulo I, see [5, Example 3.3].

Proposition 3.2. Let S be an amenable semigroup and p be a group congruence
on S such that ker p is central and I, has a bounded approrimate identity. Then

(Y(S) is biflat modulo I,.

PROOF. By [1, Theorem 3], ¢!(S) is amenable modulo I,. Then by Theorem
2.5, *(S) is biflat modulo I,,. O
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