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Automatic continuity of almost Jordan
derivations on special Jordan Banach algebras

Chinnadurai Ganesa Moorthy and Gurusamy Siva*

ABSTRACT. The following is the question form of Kaplansky conjecture of 1958.
Is every derivation on semisimple Banach algebra continuous? Kaplansky conjec-
ture was proved by Johnson and Sinclair in 1968. The concept of almost Jordan
derivations on Jordan Banach algebras is introduced in this article. Also, Ka-
plansky conjecture is extended to Jordan Banach algebras as an open question: Is
every almost Jordan derivations on semisimple Jordan Banach algebras continu-
ous?. Moreover, a partial answer to this open question is derived in the sense that
every almost Jordan derivation T on semisimple special Jordan Banach algebras
Q7T, with an additional condition on 7, is continuous.

1. Introduction

We provide a brief outline of definitions and known outcomes in this section.
For more details, one may refer to [2]. All vector spaces are considered over the
complex field, and we assume that all algebras are unital. All algebras which are to
be considered are associative algebras except Jordan algebras and Jordan Banach
algebras.

Definition 1.1. [2] A Banach algebra (2 is a complete normed algebra, where
a normed algebra ) is an algebra with a norm ||.||, which also satisfies ||p.q|| <

[pl]-llgll, ¥V p,q € Q.

Definition 1.2. An algebra with a Hausdorff topology is called a topological
algebra, if all algebraic operations are jointly continuous.
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Definition 1.3. [2] The Jacobson radical rad(2) of an algebra € is the inter-
section of all maximal right(or left) ideals. An algebra is said to be semisimple, if
rad(§2) = {0}.

Definition 1.4. [2] The spectrum oq(p) of an element p of an algebra €2 is the
set of all complex numbers A such that A\.1 — p is not invertible in 2. The spectral
radius rq(p) of an element p € € is defined by rq(p) = sup{|A| : A € ga(p)}.

If (€, .|]) is a Banach algebra, then ro(p) = lim, s |[p"]|#. Also, for any
algebra Q, we have rad(Q2) = {p € Q : rq(pq) = 0, for every ¢ € Q}. See [2].

Definition 1.5. [2] If T: Q — T is a linear map from a Banach algebra 2 to a
Banach algebra I, then the separating space of T" is defined as the set
S(T) ={q €T : there exists (p,)>2, in Q such that p, — 0 and Tp,, — ¢}.

Also, S(T) is a closed linear subspace of I' and moreover, by the closed Graph
theorem, 7" is continuous if and only if S(T") = {0}. For a proof, see [2].

2. Jordan Banach Algebras

P. Jordan [4], a physicist, introduced Jordan algebras in an attempt to generalize
a quantum mechanics formalism.

Definition 2.1. [6] A Jordan algebra (2 is a non associative algebra {2 whose
product is non commutative and satisfies (p.q).p* = p.(q.p*),Vp,q € Q. A Jordan
Banach algebra €2 is a Jordan algebra endowed with a complete norm ||.|| satisfying
llp-ql| < Ipll |lgl], Vp, ¢ € Q. Let us assume that €2 is unital with unit 1 and ||1|| = 1.

If 2 is an algebra then 2 becomes a commutative Jordan algebra for the Jordan
product po g = (pg + gp)/2. If Q is a Banach algebra (not of characteristic 2),
then €2 becomes a commutative Jordan Banach algebra for the Jordan product
poq = (pg+ qp)/2. Then, it is called a special Jordan Banach algebra, which
is denoted by Q*. Here the Jordan product is commutative and distributive over
addition.

An element p in a unital Jordan algebra €2 is said to be invertible if there exists ¢
in Q such that p.¢ = 1 and p*.q¢ = p. The spectrum oq(p) of an element p € €2 is the
set of all complex numbers A such that A.1 — p is not invertible in 2. By a theorem
of Jacobson, the spectrum in the Jordan sense coincides with the classical spectrum
in case of special Jordan algebra. The next result is also true, when spectral radius
is defined in the usual sense.

Theorem 2.1. [1] Let Q be a Jordan Banach algebra and p € Q. Then the
spectral radius of p is lim, . |[p"]] 7.

K. McCrimmon generalized the concept of Jacobson radical from associative
algebras to Jordan algebras (see [7, 8]). An ideal I of a Jordan algebra €2 is said to
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be quasi-invertible, if for every p € I, 1 —p is invertible. For €2, there exists a unique
quasi-invertible ideal containing every quasi-invertible ideal, which is a result proved
by K. McCrimmon. By definition, this ideal is the K. McCrimmon radical of €2 and
it is also denoted by Rad(f2). He proved that the K. McCrimmon radical coincides
with the Jacobson radical in case of special Jordan algebra. If Rad(2) = {0} in a
Jordan Banach algebra €2, then (2 is said to be semisimple.

Theorem 2.2. [8] Let Q2 be an associative algebra. Then the McCrimmon
radical Rad(QY") of the Jordan algebra Q% coincides with the Jacobson radical rad(§2)
of Q. That is, Rad(Q") = rad(Q).

Definition 2.2. [5] Let 2 be a Banach algebra. A linear map 7 : Q —  is
called derivation, if T(p.n) = p.T'(n) + T(p).n,Vp,n € Q.

Next, we introduce almost derivations on Banach algebras.

Definition 2.3. Let {2 be a Banach algebra. A linear map 7 : {2 — € is called
almost derivation, if there exists e > 0 such that ||T'(p.n) — p.T'(n) — T(p).n|| <

ellpll [Inll; Vp,n € Q.

Remark 2.4. Let Q2 be a Banach algebra. A linear map T : Q — Q is defined by
T(k) = Bk, Yk € Q and for some (¢ =)5 € (0,00). Then T is an almost derivation
but not a derivation on €2.

We can extend the concepts of derivation and almost derivation given in Def-
inition 2.2 and Definition 2.3 as concepts of Jordan derivation and almost Jordan
derivation on Jordan Banach algebras respectively.

A question form of a Kaplansky conjecture [5] of 1958 is the following. Is every
derivation on semisimple Banach algebra continuous?. Kaplansky conjecture was
proved by Johnson and Sinclair [3] in 1968. In 1996, Villena [13] proved that every
derivation on a semisimple Jordan Banach algebra is continuous. There are some
recent articles [9, 10, 11, 12] for automatic continuity of derivations in the theory
of topological algebras.

Now, we extend Kaplansky conjecture as an open question for almost Jordan
derivation on Jordan Banach algebras.

Problem 2.5. Let T : 2 — () be a almost Jordan derivation on a semisimple
Jordan Banach algebra (2. Is T' continuous?

Also, we derive a partial solution to the open Problem 2.5. More specifically, we
prove that every almost Jordan derivation 7" on a semisimple special Jordan Banach
algebra QF, with an additional condition on Q%, is continuous.

3. Main Result

In this section we assume that all Jordan Banach algebras are special Jordan
Banach algebras.
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Proposition 3.1. Let Q be a Banach algebra. Every almost derivation T" on )
is also a almost Jordan derivation on QF, where Q% is the special Jordan Banach
algebra of 2. This result is true even when multiplication in ) is not associative.

PRrROOF. Since T is almost derivation, for p,n € €2 we have
1 T(pon) =T (p)on—poT(n)

= (1T G om +n0) — 5(T(o)n + 1T (p)) — 5(oT(n) + T)o)|
= %IIT(m) +T(np) = T(p)n —nT(p) — pT'(n) = T(n)pll

< %(HT(PW = T(p)n — pT ()| + [T (np) —nT(p) —Tn)pll)

IN

1
5 Cllpll Il + ellnll Hloll)

= ellpll [Inl]-
So, we have [[T'(pon) —T(p)on—poT(n)|| < e€llpll |In]]; for every p,n e Q. O
Theorem 3.2. Let Q" be a special Jordan Banach algebra. If T : QT — QF is

a almost Jordan derivation, then the separating space S(T) is a closed (two sided)
ideal in Q7.

PROOF. Obviously S(T) is a closed linear subspace of Q.

Now, we prove that S(T') is an ideal in Q. Let b € S(T) and ¢ € Q. Then
there exists a sequence (a,)5, in Q% such that a, — 0, and T(a,) — b. Let
w = T(c). Also we have coa, — 0. Since T is a almost Jordan derivation, we have

|T(coa,)—cob|| < ||T(coa,)—-coT(a,)—T(c)oa,l|
+||co T(a,) +woa, —cob||
|T(coa,)—coT(a,)—T(c)oa,l||

+||co T(a,) — cob|| + ||w o ay||

< elle]| [lanl[ + llel] |T(an) = bl| + [[w o ax]].

IN

Since ||T'(ay,) —b|| = 0, ||a,|| — 0 and ||woa,|| — 0 we have ||T(coa,)—cob|| — 0,
and hence T'(coa,,) — cob, when coa,, — 0. Therefore, we conclude that cob € S(T).
It was mentioned that the Jordan product o is commutative. Hence S(7T') is a two
sided ideal in Q. O

Theorem 3.3. Let Q7 be a special Jordan Banach algebra such that QF is
semisimple, and ro+ is continuous on QY. If T : QF — QF 4s a almost Jordan
derivation with ro+(Ta) < ||a||,Va € QF. Then T is continuous.

PROOF. Let b € S(T). Then there exists (a,)2; in Q* such that a,, — 0 and
Ta, — b. Since rg+(Ta) < ||a|| and ||a,|| — 0, we have rq+(Ta,) — 0. Also,
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we have ro+(Ta,) — ro+(b). So, we conclude that rq+(b) = 0. By Theorem 3.2,
S(T) is an ideal in Q. For every ¢ € QT boc € S(T). Therefore ro+(boc) = 0.
By Theorem 2.2, rad(Q") = {c; € QF : rqi(ci 0 cy) = 0,Vey € QF}, and hence
b € rad(Qt). So, S(T) C rad(27). Since QF is semisimple, S(T') = {0}. Therefore
T is continuous, by the closed Graph theorem. 0

From this Theorem 3.3, we get a partial solution to the open Problem 2.5 in case
of special Jordan Banach algebras.

4. Conclusion

We extended the Kaplansky conjecture for Banach algebras to Jordan Banach
algebras as an open Problem 2.5 to every almost Jordan derivation on a semisimple
Jordan Banach algebra for automatic continuity. We obtained a partial solution to
Problem 2.5 in Theorem 3.3.
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