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Fixed point theorems for occasionally weakly
compatible maps in neutrosophic metric spaces

M. Jeyaraman'*, and A. N. Mangayarkkarasi?=

ABSTRACT. In 2008, Al-Thagafi and Shahzad introduced the notion of Occasion-
ally Weakly Compatible mappings (shortly OWC maps) which is more general
than all the commutativity concepts. The purpose of the paper is to obtain com-
mon fixed point theorems in Neutrosophic metric spaces by using OWC maps.

1. Introduction

The concept of fuzzy sets was introduced by Zadeh [23] following the concept
of fuzzy sets, fuzzy metric spaces have been introduced by Kramosil and Michlek
[10] and George and Veeramani [6] modified the notion of fuzzy metric spaces with
the help of continuous t-norms. As a generalization of fuzzy sets, Atanassov [3]
introduced and studied the concept of intuitionistic fuzzy sets. Park [13] using
the idea of intuitionistic fuzzy sets defined the notion of Intuitionistic Fuzzy Metric
Spaces (IFMS) with the help of continuous t-norm and continuous t-conorms as a
generalization of fuzzy metric spaces. The concept of compatible maps and weakly
compatible maps in fuzzy metric space was introduced by Jungck [7]. Later it was
generalized by Al. Thagafi et al. [4] by introducing the concept of occasionally
weakly compatible mappings. Saadati et al. [18] introduced the modified intuition-
istic fuzzy metric space and proved some fixed point theorems for compatible and
weakly compatible maps. Several researchers extend and compliments many results
existing in the literature including those of Aliouche [2] and Bouhadjera [5]. More
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recently, Abbas and Rhoades [1] extended the definition of occasionally weakly com-
patible maps to the setting of single valued maps and they proved some common
fixed point theorems satisfying generalized contractive conditions of integral type.
Samarandache [17] introduced Neutrosophic set, which is a generalized of fuzzy and
intuitionistic fuzzy set by incorporating a degree of indeterminacy. In 2019, Kirisci
et al. [11] defined Neutrosophic Metric Space (NMS) as a generalization of IFMS
and brings about fixed point theorems in complete NMS. Later, Sowndrarajan et
al. [19] proved some fixed point results for contraction theorems in NMS. In this
paper, we have proved common fixed point theorems in neutrosophic metric spaces
by using OWC maps.

2. Preliminaries

Definition 2.1. [7] A binary operation * : [0,1] x [0, 1] — [0, 1] is a continuous
t-norm [CTN] if it satisfies the following conditions:
(i) * is commutative and associative,
(ii) * is continuous,
(iii) €1 * 1 = &1 for all £, € [0,1],
(iv) &1 * e9 < e3 x g4 whenever e < g3 and &5 < &4, for each 1, e9,¢3,24 € [0,1].

Definition 2.2. [7] A binary operation ¢ : [0, 1] x [0,1] — [0, 1] is a continuous
t-conorm [CTC] if it satisfies the following conditions :
(i) ¢ is commutative and associative,
(ii) ¢ is continuous,
(iii) €100 = &1 for all £, € [0, 1],
(iv) e10e2 < e30e4 whenever g1 < €3 and 9 < g4, for each £1,¢9,e3 and ¢4 € [0, 1].

Definition 2.3. [20] A 6-tuple (>_,=,0,7,%,0) is said to be an NMS, if > is
an arbitrary non empty set, * is a neutrosophic CTN, ¢ is a neutrosophic CTC and
=Z,0 and T are neutrosoophic 23 xR* satisfying the following conditions: For all
¢,n,0we> AeRT.

(1) 0 <E((n,6,A) <1,0<0(¢,n,6,A) <1;0 < YT(¢,m,6,A) < 1

(i) Z(¢,m,6,A) +O(¢,m,6,A) + Y(¢,n,6,\) < 3;

(iii) Z(¢,m,0,A) = 1 if and only if { =n = §;

(iv) 2(¢,m, 0, \) = Z(p(¢,n,d,\)), when p is the permutation function;

(v) Z2(¢,m, w, A) *x =(w, 0,8, u) < =(C,m, 0, A+ p), for all A\, > 0;

(vi) 2(¢,m,9,.) : [0,00) — [0, 1] is neutrosophic continuous;
(
(
(
(
(

iii)

vii) /\lim =(¢,m,0,A) =1 for all A > 0;

viii) O(¢,n,6,\) = 0 if and only if { =n = 0;

ix) ©(¢,n,6,\) = O(p(¢,n,6,\)), when p is the permutation function;
x) O((,n,w, A)0O(w, 6,0, 1) > O(C, 6, A + p), for all A, i > 0;

xi) ©(¢,n,9,.) : [0,00) — [0, 1] is neutrosophic continuous ;
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(xii) /\hﬁnolO O(¢,n,0,A) =0 for all A > 0;

(xiii) Y(¢,n,d,\) =0 if and only if { =n = 0;

(xiv) Y(¢,n,0,A) = Y(p((,n,0,A)), when g is the permutation function;

(xv) Y(¢,m,w, \)OY (w, 6,0, 1) > Y(¢,m, 0, A+ p), for all A, > 0;

(xvi) Y(¢,n,0,.): [0,00) — [0, 1] is neutrosophic continuous;

(xvii) /\h_)rgo Y(¢,n,d,\) =0 for all A > 0;

(xviiil) If A <0 then Z(¢,n,0,A) =0;0((,n,6,\) = 1;T(¢,n,0,\) = 1.

Then, (>2,Z,0,7T) is called an NMS on »_. The function =Z,© and YT denote degree
of closedness, neturalness and non-closedness between (,7n and § with respect to A
respectively.

Example 2.4. [20] Let (D>, D) be a metric space. Define w * 7 = min{w, 7}
and wOT = max{w, 7} and 2,0, : 3° xR — [0, 1] defined by, we define

- B A - _ D(,n,8) _ D((,n,9)
“(Ca”?éu )‘> - )\_I_D(C,n’(s)a@(gn?(;? /\) - /\+D<C,n75)7T(C77]’57 >‘) - A\

for all {,n,6 € > and A > 0. Then (> ,Z,0,7T,%,0) is called NMS induced by a

metric D the standard neutrosophic metric.

Lemma 2.1. Let (Y, Z,0,7,%,0) be an NMS. Then Z((,n, d, \) is non-decreasing
and O(¢,n,6,\), T({,n, 0, \) are non-increasing with respect to X, for all {,n,6 € >_.

Definition 2.5. Let (> ,Z,0,7,%,0) be an NMS and {(,} be a sequence in
> . {¢n} is said to be converges to a point ¢ € > if
() Tim 2(,¢, G A) = 1, Tim O(C, ¢, Gy A) = 0, lim T(¢,¢, Gy A) = 0, for all A > 0.
(b) {¢,} is called Cauchy sequence if nll_)IIolo Z(Cntps Cntps G A) = 1, nh_)rglo O(Cnps Ctps Cny A) =
0 and TLIL% Y (Cntps Cntps Guy A) = 0, for all A > 0 and p > 0.

(¢) A NMS in which every Cauchy sequence is convergent is said to be complete.

Definition 2.6. Two self mappings I' and w of NMS (>, Z,0, T, %, {) are called
compatible if nh_)rxolo E(TwCy, wl(p, W', A) = 1,nli_>nolo O(Tw(,, wl'(y, W'y, A) =0 and
lim Y(Tw(,, wl'¢,,wl'(,, A) = 0, whenever {(,} is a sequence in ) such that
ZIZIJE ¢, = nh_{](f)lo ['¢, = ¢, for some ¢ € >_.

Definition 2.7. Let I' and w be maps from an NMS (>, =, 0, T, %, Q) into itself.
The maps I and w are said to be OWC if and only if there is a point ¢ € > which
is a coincidence point of I' and w at which A and § commute i.e., there is a point

¢ € > such that I'( = w( and Tw( = wWI'C.

Lemma 2.2. Let Y be a set I' and w OWC self maps of .. If I and w have a
unique point of coincidence, w = I'C = w(, then w is the unique common fixed point
of I' and w.



60 JEYARAMAN AND MANGAYARKKARASI

Example 2.8. Let ¥ = [0, 00) with the metric d is defined by d(¢,n) = |¢ — ).
Where x and ¢ defined by axb = min{a,b}, a0b= max{a,b}. we define (£,0,7T)
by

- A _dGm) d(¢,n)

:CarbA =N s @C7n7)\ ) TC?Ua)‘ = :

) A+d(¢;n) ) T A+d(Cn) A ==5

for all ¢(,n € ¥ and A > 0. Then (3,=,0,7T,x,¢) is a neutrosophic metric space.
Let I', w be two self maps on > defined by

1—(2¢—1)°
(o) = %; wlQ) =1-¢
Here I', w have two coincidence fixed points ¢ and ¢ = 3, ince I'(1)=w(1l)=0

for ¢ = 1. Also, for ¢ = 1 we get, ['(3) = (%) = 1 where ( = 1 is a common fixed
point.

So I', w are OWC maps, since they commute at one of their coincidence point ( = 5

3. Main Results

Theorem 3.1. Let (> ,Z,0,Y,%,Q) be the complete NMS and let A,B,8 and
T be self mapping of > . Let the pairs (A,8) and (B,T) be OWC and p > 1, then

2(8¢,Tn, T, A), E(8¢, AC, A, A), E(Tn, Bn, B, A),

E(AC, B, Br, pA) < min ( E(8¢, B, Bn, ), E(Tn, AC, AC, A)
OB (ACTn.TnA)+BE(Bn.SC.SCA)HTE(SCTn.TnA)  1+E(ACSCSCA)
a+p+I ) 2

([ O(8¢,Tn, Tn, \), 0(8C, AC, AC, N), ©(Tn, By, B, A),
(8¢, Bn, Bn, A), ©0(Tn, AC, A, N)
QO (AL, TN, T \)+BO (Bn,SC.8CN)+TO(SCTn,Tn,A)  1+6(ACSC,SCA)
\ a+5+T ? 2

([ T(8C, Tn, Tn, \), T(SC, AC, AC, N), T(Tn, By, By, A),
Y (8¢, By, Bn, A), T(Tn, AC, A, \)

aY(A¢TN, T, ) +BY (Bn,8¢,8¢CN+TT(8¢,Tn,Tn,A) - 1+YT(AC8¢,8¢,N)
\ a+p+I ) 2

(3.1.1)

for all {,n € > and A > 0 such that Aw = Sw = w and a unique point § € Y such

that Bé6 = Td = 9. Moreover = w, so that there is a unique common fixzed point of
A,B.8 and T.

O(A(, Bn, Bn, pA) > max

T(AC, Bn, Bn, pA) > max

PROOF. Let the pairs (A, 8) and (B, T) are OWC so there are points (,n € >
such that A( = 8¢ and Bn =n, We claim that A{ = Bn. If not then by inequality
(3.1.1)

=2(8¢,Tn, Tn, A),=(8¢, AC, AL A), =(Tn, By, Bn, A),

=(AC, Bn, Bn, pA) < min ( 2(8¢, Bn, By, ), M(Tn, A, AC,N)
OE(ACT,Tn N +BZ(Bn,SCSCN)+TESCINTmA)  14E(ACSC,SCN)
a+p5+4T ) 2
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[1]

(AC, Bn, Bn, pA) < min{=(AC, Tn, Tn, A), 1,1, Z(AC, Bn, Bn, A), Z(Bn, AC, A, N), 1}
(AC, Bn, Bn, pA) < E(AC, B, Bn, A),

6(8C7 Tn? Tl’% >\)7 6(8C7 AC? ‘A<7 )\)7 @(‘J'/r]? an Bn? )\)7

O(AC, Bn, Bn, pA) > max < (8¢, Bn, Bn, A), 0(Tn, AC, A, N)
a®(AL,Tn,Tn,\)+B80(Bn,8¢,8¢,\)+T'O(8¢,Tn,Tn,\)  1+O0(AL,8¢,8¢C,N)
a+6+1“ ) 2

max{O(A(,Tn,Tn, A),0,0,0(AC, Bn, Bn, \), ©(Bn, A¢, AC, A), 0}
O(A(, Bn, By, A) and

Y(8¢,Tn, Tn, ), Y (8¢, AC, AL N), Y (Tn, By, By, A),

YT (AC, Bn, Bn, pA) > max ( Y (8¢, Bn, Bn, ), T(Tn, AC, A, N)
aY (AT, Tn,\)+BY(Bn,8¢,8¢, )+ Y (8¢, Tn,Tn,A) 14T (AC,8¢,8¢,N)
at+B+T ] 2

maX{T('Ag’ Tn’ Tn’ )\)7 07 07 T(‘AC7 3777 ‘BT]’ )\)7 T(Bn7 ‘AC’ AC? A)? O}
T(AC, Bn, Bn, A).

(1]

O(AC, Bn, Bn, pA)

>
O(A(, Bn, Bn, pA) >

Y (AC, Bn, Bn, pA)
Y (AC, Bn, Bn, pA)

AV

Then by lemma (2.9), A = Bn. Suppose that there is another point § such that
Ad = 86.

Then by inequality (3.1.1), we have AJ = 85 = Bn = Tn.

So, A = Ad and w = A( = 8( is the unique point of coincidence of A and §.

By lemma (2.9), w is the only common point of A and 8.

Similarly , there is a unique point 6 € ) such that 6 = BJ = T4.

Assume that w # 6, then by (3.1.1), Z(w, 9, J, pA) = Z(Aw, BJ, BS, pA)

( ( 2(S¢, T, T, A), Z(8¢, AC, AC, ), E(Tn, Bry, By, M),
=2(Tn, AC,ACN)

aE(AC,‘In,‘J’n,)\)JrBE(Bn,SQ,SC,A)+FE(S(,T¢;,‘J’77,)\) 1+E(AC,S§,S§,/\)

. a+B+T ) 2

( (E(Sw,‘I&,‘Id, ), Z(Sw, Aw, Aw, \), Z(T6, BS, BS, \),

=(8w, Bo, B, \), =(T0, Aw, Aw, \)
aZ(Aw,T8,T75,\)+BE(BS,Sw,8w,\)+TE(8w,T8,T5,\) 1+E(Aw,Sw,8w,\)

E(AC, Bn, Bn, pA) < min ¢

=(Aw, Bo, Bo, pA) < min

\ a+p+T 2 )
E(w, 4,0, pA) < min{Z=(w, d,d,\), 1,1, Z(Aw, B, Bo, A), Z(BJ, Aw, Aw, A), 1}
E(w,d,0,pA) < E(w, 9,8, \),

O(w,d,9, pA) = O(Aw, BJ, Bo, pA)
([ O(8¢, Tn, Tn, \), O(8¢, AC, AC, N), O(Tn, By, By, A),

O©(AC(, Bn, Bn, pA) > max O(Tn, A, AC, )
O (AT, Tn,A)+BO(Bn,8¢,8¢,\)+TO(S¢,Tn,Tn,A)  1+O(A(,8¢,8¢,N)
L a+p+T ’ 2

( <®(Sw,75,‘3‘5, ), O(8w, Aw, Aw, \), O(T6, BS, BS, \),

O(Sw, BS, B3, A), O(T6, Aw, Aw, \)
aO(Aw,T8,T5,\)+L0(B4,8w,8w,\)+I'O(8w,T6,T5,\) 14+6O(Aw,Sw,Sw,\)
. a+p+T ’ 2

O(Aw, Bd, Bd, pA) > max

J/
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O(w, d, 9, pA) ax{O(w, 9,0, ),0,0,0(Aw, Bj, Bd, \), O(Bo, Aw, Aw, \),0}.
O(w, d,6,pA\) > O(w,0,d,A) and
T (w,d,6,pA) = T(Aw, Bd, Bé, pA)

([ T(8¢, T, T, ), T(SC,AC,ACN), Y(Ty, Bry, By, N),

> m
>

T(AC, Bn, Bn, pA) > max T(Tn, AC,AC,A)
Y (AGTN, T, N +BY (Bn,8¢.8CN+IY(SC,Tn,Tn,A) 1+ (ALSC,SCA)
. a+p+T ! 2

( (T(Sw,‘Ié,‘Ié, A), T (8w, Aw, Aw, \), T(T6, BS, BS, \),

T (8w, Bo, Bs, \), T(T0, Aw, Aw, \)
Y (Aw,T86,T6N) +BY (BS,8w,8w N +T Y (8w, T8T6,))  1+7 (Aw,Sw,Sw,\)
atBIT ; 2

T (w,d,0, p\) > ma X{T(w 9,0,1),0,0, T(Aw, Bé, B, \), T(BJ, Aw, Aw, A),0}.
Y (w,d,0, p\) > T(w, 9,9, A).

T (Aw, Bé, Bo, pA) > max

Then by lemma (2.9). Therefore w = 4. ¢ is a common fixed point of A, B, 8§ and 7.
Uniqueness:

Let p be another common fixed point of A, B,8 and TJ. Then, put ( = and n = p
n (3.1.1),

=(88, Ty, Ty, A), 2(86, A3, A8, \), Z(Tp, BS, BS, \),

=(AS, By, By, pA) < min ( =(86, By, Byu, A), E(Tpu, A5, A5, \)
QZ(AS,T 1, T, \)+BE(B,88,85,\)+TE (86, T, Ty, )\) 1+_(A5 85,850
a+B+T 2

Z(0, s 1, pA) < min{=Z(6, g1, g, A), 1, 1,28, 1, 1, A), =, 6,0, A), 1}
Z(AS, By, By, pA) < E(6, a1, A,

O(83, Ty, Ty, \), O(86,.A8, A5, \), (T, BS, BS, \),

O(AJ, Bu, By, pA) > max ( O(86, B, B, A), ©(Tu, Ad, Ad, \)
QO (A5 T, T \) + 8O (B, 85,85, ) +TO(85,T 1, T, ) 1+O(AS,85,85,))
a+B+T ; 2

maX{®(67M7/’L7 A)7(:)7(:)7 @(67M7M7 A)’G(/’L?d?é? >\)7O}
©(, 1, 1, A) and

Y (85, Ty, T, ), Y(86, A8, A8, \), T(Tp, BS, B3, \),

T (A5, Bit, By, pA) > max ( (85, By, Bis, \), Y(Tp, AS, AS, A)
AT (A8 T, TN +BY (B, 88,85 \)+T Y (86T, T, \) 1+ (A8,85,85,))
a+p+T ) 2

(0, s, 1, pA) > max{ Y (0, pt, 1, A), 0,0, T (6, 1, 1, A), T (1, 9,6, A), 0},
T (A, Bu, Bu, pA) = Y (0, p, 1, A).

O(6, 1, pt, pA) >
O(AJ, By, By, pA) >

Then by lemma (2.9) § = pu. O

Theorem 3.2. Let (> ,E,0,T,%,0) be the complete NMS and let A, B,8 and
T be self mapping of > . Let the pairs (A,8) and (B,T) be OWC and p > 1 and
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a+ =1, then

=(AC, Bn, Bn, pA) < min

O(A¢, Bn, Bn, pA) > max

T (AL, Bn, Bn, pA) > max

;

\
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=(8¢,Tn, Tn, A), E(8¢, A¢, AC, A), Z(Tn, By, B, A),
=(8¢, Bn, Bn, A), E(Tn, AC A, A),

E(Bn, Tn, In, N),

Z(8¢,AC,ACLN),

=(8¢, Tn, In, \)

(8¢, Tn, Tn, A), O(8¢, AC, AC, A),

(8¢, Bn, Bn, A), ©

{aZ(8¢, Bn, Bn, \)} + S min {

(Tn, AC, AC, N),
O(Bn, Tn, Tn, ),
O(8¢, A, AC, A)
O(8¢,Tn, Tn, A)

(Tn, Bn, By, ), )
(Tn, AC, AL, N),
T(Bm‘fm‘M

{a©(8¢, Bn, Bn, \)} + S max {

Y (8¢, Tn,Tn, A), T(8¢, AC,ACN), T
T(8¢,Bn, By, A), T

O(Tn, Bn, Bn, A), )

-~

{aY(8¢, Bn, By, )\)}—i-ﬂmax{ T(8¢, AC, AC, A : }

T(8¢, Tn, Tn, A)

\

(3.2.1)

for all {,n € > and A > 0 such that Aw = Sw = w and a unique point § € Y such

that B6 = Td = 0. Moreover § = w, so, that there is unique fixed point of A, B, 8
and T

PROOF. Let the pairs (A, 8) and (B, T) are OWC so there are points (,n € >

such that A( = 8¢ and By = Tn. We claim that A = Bn. If not then by inequality
(3.2.1),

=(AC, Bn, Bn, pA) < min
{0Z(8¢, B, By, \)} + fmin

[1]

(AC, Bn, Bn, pA) < min{

(AC, Bn, Bn, pA)

|

[1]

E(AC, Bn, Bn, ), E(ACAC AL A), Z(Bn, By, B, ),
E(AC, Bn, Bn, ), =(Bn, A(, A, N),
Z(Bn, Bn, Bn, A),
E(ACAC AN,
Z(AC, Bn, Bn, A)
E(AC, Bn, Bn, A), 1,1, E(AC, Bn, Bn, N), =(Bn, AC, A, A),
aZ(A¢, Bn, Bn, A) + Bmin{1, 1, Z(AC, B, Bn, \) }
< Z(A(, Bn, Bn, A),
O(A¢, Bn, Bn, ), 0(A(, AC, AL ), ©(Bn, By, Bn, A),
O(AC, Bn, Bn, A), O(Bn, AC, A, N),
O(A(, Bn, Bn, pA) > max O(Bn, Bn, Bn, A),
O(A(, ACACN),

{aO(8¢, Bn, By, )} + fmax {
O(AC, Bn, Bn, \)
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O(AC, By, By, p2) > max { O(AC, By, B, M), 0,0, O(AC, Bn, B, 1), O(Bn, AC, AC, A), }

aO(AC, Bn, Bn, ) + S max{0,0,0(A¢, Bn, Bn, \)}
O(AC, Bn, B, pA) = O(AC, B, By, A)  and
T(A(, Bn, Bn, A), T(AC, AL AL N), T(Bn, By, Bn, ),
T(AC7 BTL Bn? A)? T(gn7 AC? AC? A)?
Y(Bn, Bn, Bn, A),
{aY (8¢, Bn, By, A\)} + fmax ¢ T(AC AL ACN),
T(A, Bn, Bn, A)
AC? 3777 Bn? A)? O? 07 T(‘AC7 Bn? Bn? )\)7 T(Bn7 AC? AC? A)?
@Y (AC, Bn, By, ) + Smax{0,0, T(A(, Bn, Bn, \)}
T (AL, Bn, Bn, pA) > T(ACL, Bn, Bn, \).

T (AL, Bn, Bn, pA) > max
T
YT (AC, Bn, Bn, pA) > max

Then by lemma (2.9), AC = Bn.

Suppose that there is another point ¢ such that Ad = 8.

Then by inequality (3.2.1), we have Ad = 86 = Bn = Tn, So, A = Ad and
w = A( = 8( is the unique point of coincidence of A and 8. By lemma (2.9), w is
the only common point of A and §.

Similarly there is a unique point 6 € ) such that § = BJ = T4.

Assume that w # 6, then by (3.2.1),

E(w, 4,6, pA) = E(Aw, B, Bo, pA)

=(8¢, Tn, Tn, A),E(8¢, AC, AC, A), E(Tn, By, Bn, ),
=(8¢, Bn, Bn, A), E(Tn, AC, A, A),
{ =(Bn, Tn, Tn, N), } :
{aZ(A¢, By, By, \)} + Bmin { Z(8¢, A, AC,N),
2(8¢,Tn, Tn, \)

=(AC, Bn, Bn, pA) < min

O(w, 5,6, pA) = O(Aw, BS, BS, p))

(- O(8¢,Tn, T, A), ©(8C, A, AC, N),©(Tn, By, Bn, A), )
(8¢, Bn, Bn, A), ©(Tn, A, AC, A),
O(Bn, Tn, Tn, A),
{a©(AC, Bn, Bn, )\)}—l-ﬁmax{ O(8¢, AL, AL, M), }
O(8¢,Tn, Tn, \)

O(A¢, Bn, Bn, pA) > max

\

and Y (w,d,0, pA) = YT (Aw, Bo, B4, pA)

( Y(8¢,Tn, Tn, \), Y(8¢, A, AC,A), T(Tn, By, By, \), )
(8¢, Bn, Bn, A), Y (Tn, AC, A, A),
T(Bn,Tn, Tn, ),
{aT (A, Bn, Bn, )\)}—I—Bmax{ T(8¢, A, AL, N), }
Y(8¢,Tn, Tn, \)

T(AC, Bn, Bn, pA) > max

\
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Put ¢ = w and 7 = in inequality (3.2.1),

E(Aw, Bd, Bo, pA) < min

E(w, d,0, pA) < min

(1]

E(w,d,0, pA) < E(w,

O(Aw, BS, B, p\) > max

O(w, 0,0, pA) > max

O(w, 4,0, pA) > max{

(w, 0,0, pA) < min{

( Z(8w, T0,T,\), Z(S8w, Aw, Aw, \), Z(T6, Bo, Bo, \),
=(8w, Bo, BI, \), Z(T0, Aw, Aw, \),
=(Bs, T, T6, N,
{aZ(8w, B, B, \)} + S min { =(8w, Aw, Aw, \), }
=(Sw, 76, T6, \)

( E(w, 0,0, A), Z(w, w,w, \), =(9, 9,9, A),
E(w, d,0,N),Z(0,w,w, \),

\

=(0,0,9,\),
{QE(UJ?(Sa 57 )\)} _'_Bmln E(W,W,W,)\),
L E(w,d,0,\)
E(w,d,0,A),1,1,Z(5, w, w, \),
{0Z(.6.6.0)} + fmin{1, 1,Z(.5.6, 1)}

57 57 10)\)7

( O(8w, T4, T4, \), O(Sw, Aw, Aw, A), O(T0, Bs, Bj, \),
O (8w, B, BH, \), O(T6, Aw, Aw, \),
O(B9, To,To, ),
{aO(8w, B, B, )} + S max { O (8w, Aw, Aw, \), }
O (8w, T0,T0, \)
( O(w,d,0,N), 0w, w,w, A),0(,9,5,\),
O(w,d,5,\),0(5,w,w, ),

©(0,9,9,\),
{aB(w, 9,9, /\)}+ﬁmax{ O(w,w,w, A), }
O(w,d,9,\)
O(w,0,0,1),0,0,0(0,w,w, A),
{aO(w, 0,0, )} + Bmax{0,0,0(w,d,d, \) }

\

\

O(w,d,6,pA) > O(w,d,d,pA) and

T (Aw, Bd, Bd, pA) > max

T (w,d,d, pA) > max

(- T(8w, T4, T, \), T (Sw, Aw, Aw, A), T(T4, Bd, Bj, ),
T(Sw, BS, BS, A), T(T6, Aw, Aw, \),
T(Bd, To,TH, ),
{aT (8w, Bs, Bo, \)} + S max { T (Sw, Aw, Aw, \), }
\ T(Sw, T6,T6, \)
( T(w,d,0,N), T(w,w,w,\), T(d,d,d,N\),
T(w,d,0,A), T(0,w,w,\),
T(0,9,9,\),
{aT(w,d,0,\)} +ﬂmax{ T(w,w,w, ), }
T(w,d,0,)

\
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T (w,d,d, pA) > max {

T (w,d,d,1),0,0, T(d,w,w, ),
{07 (@, 6,0, \)} + B max{0,0, T(w, 8,6, \)}

T(w,d,d,pA) > T(w, 0,9, pA).

Then by lemma (2.9), we get w = 0.

Uniqueness: Let p be another common fixed point of A, B,8 and TJ. Then, put

(=dand n=pin (3.2.1),

=(AC, Bn, Bn, pA) < min

=(AS, By, B, pA) < min <

=(9, p, b, pA) < min

[1]

(0, p, 1, pA) < min {

(0, s 1, pA) < E(6, p

[1]

O(AC, Bn, Bn, pA) > max <

O(AS, By, B, pA) > max

\

2(8¢,Tn, In, A), E(8¢, AC, AC, A), Z(Tn, By, By, A),
=(8¢, Bn, Bn, A), Z(Tn, AC, A, A),
{ =(Bn, Tn, Tn, A), }
{aZ(S¢, By, By, A} + Bmin{ Z(8¢, AC,AC, ),
=(8¢, Tn, In, \)

( Z(80, T, T, A), 2(86, Ad, A0, A), Z(T i, B, B, A),

=(86, By, By, ), =(Tp, AS, A8, N,
E(Bp, T, Ty, A),
{aZ(80, By, Bu, \)} + Smin { Z(86,.A48, A8, \),
=(80, Tp, Ty, A)

(20, iy 1y A),2(0,6,0,N), E(pe, e, 1, A),

E(0, p, p1y A)s E(p1, 6, 6, N),
{ S(TNTNTIPN} }
{aZ(6, pty 1, A)} + fmin < Z(6,0,9, \),
E(0, 1y 1, A)
20, oy oy Ny 1, 1,20,y oy A), Z( 1, 0,0, A), }
{aZ(0, 1, 11, A) } + Bmin{l, 1,2(0, u, 1, A) }
LB A),
(- O(8¢,Tn, T, A), ©(8¢, A, AC, A), ©(Tn, By, Bn, A),
O(8¢, Bn, Bn, A), ©(Tn, AC, A, A),
O(Bn, In, Tn, ),
{aO(8¢, Bn, Bn, \)} + fmax { O(8¢, AC, AL, ), }
\ O(8¢,Tn, Tn, )
( O(88, T, T, N), O(86,.A8, A8, \), O(Tpu, B, By, \),
O(88, By, By, \), O(Tp, AS, AS, \),

\

O (B, Ty, Ty, A),
{aO(86, Bu, Bu, A} + fmax ¢ O(84, A9, Ad, \),
O(80, Ty, Ty, A)
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O(8, i, 11, ), ©(0,6, 9, X), O, e, 1, A),

@(57u7u7 A)?@(/’L75757 A)?
O, i, i1, A), }

O(6, p, pt, pA) > max
{006, 1,1, \)} + fmax . O(6,6,6,)),
O(0, s, 1, A)

@(67”7”7A),()?O,@(5,N’M7A)7@(M7675’A)7
>
00 .. pA) 2 max{ {006, 1, 1, \)} + Bmax{0, 0, O3, s, 11 \)}
and

O(0, s 1, pPA) > O(6, p, 1, A)
(- Y(8¢,Tn, T, A), Y(8¢, A, AC, A), T(Tn, Bn, Bn, A),

Y(8¢, Bn, Bn, A), T(Tn, AC, A, ),
Y(Bn,Tn,Tn, ), }

Y(AC, Bn, Bn, pA) > max
{aY (8¢, Bn, Bn, )} + fmax { Y (8¢, AC, AL, N),
T(8¢, Tn, Tn, A)

L
( Y(88, T, Ty A), Y(86, A0, Ad, A), Y (T, B, By A),

(8, By1, By, A), T (T, A, AS, N,
(B, T, T, N),
1 (80, A9, Ad, \),

T (A, By, B, pA) > max
{aY (80, Bu, Bu, \) } + fmax
T (85, Ty, Tp, A)

\
( T((sauvu7)‘)vT(6’ 67 57 A)vT(:unuuua )‘)7
T8,y s A), T(pt5 6,0, A),
T(6, p, g, pA) > max 4 T, 1, 1, A),
{aY (8, p, 1, A) } + B max { 1(6,0,8,\), }
(6, pt, 1, M)

\

T(67/“’L7/“’L7A)70707T<57l’[/7u7A)7T(II"L’575’A)7 }

>
Y (6, p, 1, pA) > max{ {aY (0, p, g1, \) } + Bmaxq{0,0, Y (6, p, pt, \) }

(0, s 1, pA) > TS, pa, 1, A)
O

Then by lemma (2.9), we get 6 = p.
Corollary 3.1. Let (>_,Z,0, 7T, x,0) be the complete NMS and let A, B, 8 and
T be self mapping of > . Let the pairs (A,8) and (B,T) be OWC and p > 1, then

2(8¢, Tn, Tn, A), E(8¢, AC, AC, A),
=(Tn, Bn, Bn, A), Z(8¢, Bn, Bn, ),
min E((J"I],.AC,AC, )\)
aZ(AL,Tn, Tn,\)+BE(Bn,8¢,8¢,N)+TE(8¢C,Tn,Tn,\)
a+pB+T
1+Z2(AC,S¢,8¢,N)
o S(N)dA

E(A(,Bn,Bn,pA)
/ o< [
0 0
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O(8¢,Tn,Tn, A),O(8¢, A(, AC, A),
O(Tn, Bn, Bn, A), O(8¢, Bn, By, ),

max @(Tn, A, AC, )\)
aB(A¢TN, T, M) +B0(Bn,8¢,8¢ N +TO(8¢,T1,In,\)
a+pB+T

O(AC,Bn,Bn,pA) 1+®(ACB,SC,SC,)\)
/ T(A)dA > / - 2 T(A)dA
0 0

T(8C,Tn, Tn, A), Y(8¢, A, A, N),
Y (Tn, Bn, Bn, X), T(8¢, Bn, By, \),

max T((J"I],.AC,.AC, )‘)
aY(AC,Tn,In,N)+B8Y(Bn,8¢,8¢,\)+TY(8¢,Tn,Tn,\)
a+p

T (AC,Bn,Bn,p) 1+T(AC,JFCF3C,>\)
/ P(N)dA > / B S(A)dA
0 0

for all (,n € > and A > 0 such that Aw = Sw = w and a unique point 6 € > such
that Bé = Td = §. Moreover § = w, so that there is a unique common fixed point

of A,B,S and 7.

4. Conclusion

In this paper, We explored new results in the notion of Neutrosophic Metric
Space due to Kirisci, Simsek. We extend and generalize Al. Thagfi et al. pa-
per in neutrosophic version and proved fixed point results in Occasionally weakly
compatible mappings.
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