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Exact controllability and continuous dependence
of solution of a conformable fractional control
system

Sanjukta Das

ABSTRACT. The exact controllability of a conformable fractional differential sys-
tem is established in this paper. The system is described by a non-densely defined
linear part satisfying the Hille Yosida condition, and a control term appearing
in the nonlinear part. The existence of mild solution and exact controllability is
proved by Banach fixed point theorem for the system with non-local conditions
and deviated argument. The continuous dependence of the mild solution is also
studied. An example is discussed to illustrate the results.

1. Introduction

In this paper existence, continuous dependence of mild solution and exact con-
trollability of a class of conformable fractional control system is discussed. The
linear part of the system is non-densely defined with the control parameter also ap-
pearing in the nonlinear part. Deviated argument and non-local conditions are used
to capture physical conditions. Here the following conformable fractional differential
control system is studied in a Hilbert space (X, ||.||).

Dex(t) = Ax(t) + Bu(t) + f(t, z(c(x(t),t)),u(t)), 0 <t <a,
z(0) = zo+ g(z) (1)
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where 0 < a < 1, D® denotes the conformable time fractional derivative, A :
D(A) ¢ X — X is a non-densely defined linear operator i.e. D(A) # X and
satisfying Hille - Yosida condition. B is a bounded linear operator from the Hilbert
space U to X with the control function u € L*([0,a], U).

Non-local initial conditions model various physical situations better than usual
initial conditions. For more applications of non-local conditions one may refer [5].
Fractional derivatives are used in place of the classical derivatives to incorporate
memory properties inherent in many systems. For more details see [1, 2, 3, 4, 6] .

Offate Khalil et al.[9] introduced the concept of a new fractional derivative called
conformable fractional derivative. The new definition is compatible with classical
derivative. Its many applications arise in mechanics, electronics, anomalous diffusion
etc. The novel definition extends the usual limit definition of classical derivative .
For more details see[5, 9].

Fractional derivatives defined as integrals as in Caputo or Riemann derivatives,
contradict the notion of locality of classical derivatives. As early as 17th century,
the concept of derivative is local, contrary to globality of fractional derivatives which
are defined in terms of integrals. Fractional derivatives in terms of integrals have
therefore being claimed as not derivatives in the strict sense. Derivatives represent
instances, particular magnitudes rather than intervals. Fractional models are one
particular set of models illustrating fractional behaviours.

Generally A is densely defined operator on a associated Banach space. However,
various real world situations are better depicted by non-dense operators. As an
example one can see that in a heat equation with Dirichlet condition on [0,1] if
A =2 on C([0,1]; R) with supremum norm over the domain

— 9%z
D(A) = {u € C*([0,1]; R) : u(0) = u(1) = 0}
is not dense in C([0, 1]; R). The main objective of this paper is to fill these gap in the

study of controllability of conformable fractional control systems with nondensely
defined operator, deviated argument and nonlocal condition.

2. Preliminaries

Conformable fractional derivative of order a of a function y at ¢ > 0 is defined
by

dy(t) _ . ylt+et™) —y()

im
dte e—0 €

Conformable fractional integral of order « of a function y is defined as
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If y is a continuous function in the domain of I, we have

U _

If y is differentiable, we have

LI 4y~ (1)~ w0

Hypothesis (H0) : [9] The non-dense operator A : D(A) C X — X satisfies
Hille-Yosida condition i.e. 3 M >0, w € R, (w,00) C p(A) such that

sup{(A —w)"[[R(\, A)"[|,n € N, A > w} < M,
where R(\, A) = (A — A)~!

When the Hille-Yosida condition is satisfied the non-dense operator A generates a

I

non-degenerate, locally Lipschitz continuous integrated semigroup

Let us define Ay on D(Ag) C D(A) as
Agxr = Ax,

and
D(Ay) = {z € D(A) : Az € D(A)}.

Then Ay generates a family {7(t)}:>o of Cy semigroup on D(A).
Let
C([0,a]; D(A)) = {x : [0,a] = D(A) : x is continuous on [0, a]},

Cr([0, al; D(A)) = {z : [0,a] = C([0,a], D(A)) : [|x(t) — x(s)]| < LIt — s[}.
Clearly C1([0,a]; D(A)) is a Banach space,where |z, = SUDPseo,q) 1 2(1)]|. Also let

U. denote the space of all continuous functions from [0, a] to U. Then the product
space CL(]0,a]; D(A)) x U, is a Banach space with norm defined as

H("')HCL([O,G];W)XUC ” HCL(OC‘}

Let us define the controllability operator

t o P o Pt
= T (= — Z9)B][T(= — =)B]*d
6= [ s - DI - Dymras

0 <r <t <a. Now consider the following hypotheses:

(H1) The function f : [0,a] x CL(]0,a]; X) X Usg — CL([0,a]; X) is a continuous
function such that V¢ € [0,al], x,y € CL([0,a]; D(A)),u,w € Uuq

1F (2, u) = f(ty, w)lla < Lellle = ylla + [lu = wlla],

where Ly > 0
(H2) 3 Ly > 0 such that Vt € [0,a] [|c(z(t),t) — c(y(t),t)|| < Le|lx(t) — y(2)]-
(H3) 3 Ly > 0 such that [|T(t)|] < Ly Vt € [0, al.
(H4) 3 Ly > 0 such that Vt € [0, a] [|g(z(t)) — g(y@))[| < Lgllx(t) —y@)].
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(H5) (GY) is coercive, which implies that 3 p > 0 such that (G§z,z) > ul|z|?,
hence (G¢)~! exists and ||(G2)7!] < l%

DEFINITION 1. The system (1) is said to be controllable on the interval [0, a] if

for every initial function x(0) € D(A) and x, € D(A) 3 a control u € Ly([0,T];U)
such that the integral solution x(.) of (1) satisfies x(a) = x,.

3. Main Result

In this section existence and uniqueness of the mild solution and exact control-
lability of the control system is established. Then the continuous dependence of the
integral solution is also studied.

DEFINITION 2. A function z(t) € C1([0,a}; D(A)) is called a mild solution of
(1) if it satisfies the integral equation

o) = T+ ala) + [ T(E -2
X (f(s,z(c(x(s),s)),u(s)) + Bu(s))ds, Vt € [0,al. (2)

Lemma 3.1. [9] Assuming that X and U are Hilbert spaces and Ag is an infin-
itesimal generator of Cy semigroup and B is a bounded linear operator from X to U

then we have
IGoll < [IGGll, 0<t<a

PROOF. It is clear that G = (G§)* and V = € X, (Ghx,z) > 0. Also ||G}|| =
SUP||z|1<1 |<G6"L‘7 J]>| So,

Gre.o) = ([ srE -

Now,
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Therefore (Ghz,x) < (Ggx, ), implies |G| < ||GE|l, 0 <t <a O

Let p € D(A) then under hypothesis (H5) define the control function as

U = BT = S)0g o - T (o + g(x)
= [ = ) s aleta(s) ) (o)) )
Let
X() = 7)o+ o) + T (S~ DG 0~ T(S) w0 + 9(x)
- G -

4-A§“ﬂ———ﬁ@MW$MMMW% (6)

Lemma 3.2. By hypotheses (H1)—(H?5), the operator K : Cr(0,a; D(A))xU, —
CL(0,a; D(A)) x U, defined as K(x,u)(t) = (X(¢),U(t)), 0 <t < a satisfies the

estimate
a” 1G5l
1K (y, w) — K(z,u)|| < E[(l + TOLT>LTLf + 1(ly — z|| + |lu — w]|)

Gf

Y0~ a?
b= o

whenever LL, < 1, LyL, < Lf% and LyL, + L,L%

PROOF. Let (y,w), (z,u) € CL([0,a]; D(A)) x U., with K(y,w) = (Y, W),
K(z,u) = (X,U). Then

1K (y,w) - K@)l = Y = X]| o, qommcsy + 1W — Ullu,
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Now let us estimate

aa ta a « ta

L B e O

< (s, plb(s), 5)), () — F(s, 2(e(a(s), ) u(s)))ds]
+ [ - Dl 5), w(o)
— Fls (el (s), 81, ul))ds + () (0(y) — o)
+ OGS = DG (T () g(@) — gw)]
< s (Lr-+ LHIGHIGH ™)
Lttt ), wls)
— Fls, (el (s), ) uls))lds)
s Lay(lots) = )) + L L 1, Jo(s) - 1)
< (Lot 308, [t waote) -yl + o - al)as
+ LTLg<Hy—zu>+WL%Lgux—yu

S [(1+MLT)LTLJI%&(LLC)+LTL9+L%~L9"28“]||1‘—y||

e 10+ 1 L, T —

- a8+ non, + 2,318y

T R )

since LL. < 1 and

<

LyLy+ LyL3 190 < o

« G, «
- oL+ —]|ly —

0 L) Ly + <y~ o

« . IGH) «

—(1 Lp)LpL — —

(U L) L Ly = w] 4+ = ]

a0 G

T L) Lr Ly (= gl + o = )

aa

© Mol =yl + llu = wl) 5)
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where My = [(1 + mLT)LTLf + 1]. Similarly,

OZ

|lU—-WI| = sup ||B T*(— - )Gl {/ y(e(y(s), s)), w(s))

t€[0,a]

= J((s, z(c(x(s), 5)), ()))d8}+T*( )(g(y) — 9]

< LCMLT [ / " (F (s, ylel(s), 5)). w(s)

— f(s,x(e(x(s), ), u(s)|ds + LrLlly — 2]

< PO Ly (Ll — el + o — ul) + LeLyly — ]
< T Ly — all 4+ o — ul) + S Lglly )

< T Ly — ol + o — )

!
aOé

+ —Lylly — =] + llu = wlD)]
L.Ly

< [2%aLf(Hy—wH + [Jw = ul])] (9)

Therefore from (8) and (9) we get
K (z,u) — K(y,w)l| <

o Lol oL (e — yll + - w]) (10)

EKMO +

O

Lemma 3.3. Assuming that lemma(3.2) holds, the operator K defined as K (z,u)(t) =
(X(1),U(?)), 0 <t <a maps CL(0,a; D(A)) x U. into CL(0,a; D(A)) x U and has
a unique fired point (x,u) € Cp(0,a; D(A)) x U, if <M + LbLT(QL )] <1

PRrROOF. Since the product space C([0,a]; D(A)) x U, is a Banach space endowed
with the norm

1G> ey oapan<v. = I-leyqo.apay + IHloe
and from lemma (3.2) we get

a® LbL

LIz = yll + [lu = wl]),

so clearly the operator K is a contraction mapping if “[M, + LbLT (2Ly)] < 1.
Therefore it has a unique fixed point (z,u) € C(0, a; D(A)) x U,. O

Theorem 3.4. Assuming that lemma(3.3) holds, the non-local conformable frac-
tional differential system (1) is exactly controllable on [0, a).
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PROOF. To prove the system (1) is exactly controllable on [0, a], we need to show
that for any p € D(A), Ju € U, so that p = (7). From (5), we get

ut) = BT = D)0 - (S w0 + (e)
= [ = s atetals) o) s (1)

let us substitute (11) in (2), so that,

o) = TS+ glo)+ [ 7 - DT -5
x T = )0 o= T ) o + glalr))) s

13 o ta g s to g . a® to .
- e - D - DrE - Dy
0 a o«

b (S = Sios o - TS ) o + ()

= [ e - Smmr - Sy - Doy

« T(% _ g)f(r (e(a(r), m), u(r))r"tdr

= TS+ g + [ ot s aela(s) ) ul)is
b - —ama] o= T(S) (o + gla(r))))

= [P = Diop e 2 - Dy pratetatr), ) utr)ar



EXACT CONTROLLABILITY AND CONTINUOUS DEPENDENCE OF SOLUTION ... 43

Now let us take t = a, then

v@) = () +g@) + [ (S -

e} a «

Q

)f (s, 2(c(2(s), 5)), u(s))ds

(13)

This implies that Vp € D(A), Ju € U. such that it transfers z(0) to p in time a such
that p = z(a). Hence the system (1) is exactly controllable. O

3.1. Continuous Dependence. Now continuous dependence is studied to un-
derstand the effect of the non-local condition on the stability of the mild solution.

Theorem 3.5. Let x, y be the solutions with corresponding initial nonlocal con-
ditions associated to xq, x1 respectively. Let ug, uy € U.. Assuming the hypotheses

(HO — H5) hold,

and if (LyLy + LTLf%(LLb)) < 1 with

= TG+ g + [ -5
X (f(s,z(c(x(s),s)),up(s)) + Bug(s))ds, Vt € [0,al. (14)
= TG+ + [ TG -5
X (f(s,y(e(y(s),s)),ui(s)) + Buy(s))ds, ¥t € [0, al. (15)

Then 3 constants Co, C1 > 0 such that ||z — yl|¢, (0.5 < Colro — 21| + Ciflug —

(1)
and
y(t)
Uy ||Uc
PROOF.

[ =yl

IN

HT( )Ion—leHT( lllg(a) - (o)l

- %)(Buo@) ~ Bus(s))ds|

SO&

+ | / 8“‘1T(g—E)(f((&x(C(w(S),S)),UO(S))
£ (5. y(e(y(s). ), wi()ds]
Lrleo — a1] + LrLylle =yl + LrLy—(LLo)|x — y]

IN

a® a®
+ (LrLy—)lluo — wll + [ Bl —[luo — wl| (16)
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This implies

lo—gll < br p—
xr — — T
= 1Ll — LeL = (LL,) !
N [(LrL; + || B|) %] T
1— LyLy — LeL;~(LL,)" "
= Collro — z1] + Ciflug — ui| (17)
_ L _ [ErLg+]BIE)]
where Cy = 1_LTL9_LTTLf%(LLC) and C7 = Lrly-LrL, T (LI Hence proved. O
4. Example

Example 4.1. As an example of a conformable fractional control system one
may consider the system

Da(y,t) = Az(y,t) +u(t)
* /0 K(s,2)(z(y, |lz(y, )||) + u(t))ds,

0<t<a, ye(0,m)
z(0,t) = x(mt)=0
2(y,0) = x0(y) +g(z(y,1)), y € (0,7) (18)

With operator A satisfying Hille-Yosida condition and the hypotheses (H1)- (H2)
on being satisfied, it can be shown that results in Theorem (3.4)holds.

Example 4.2. This example is studied as a particular case of the class of ex-
amples as in (4.1).

DY2x(y,t) = ==xz(y,t) +u(t)

[ Kol om0l + un)ds,
0<t<a, ye(0,m)
z(0,t) = x(mt)=0
z(y,0) = (y) +9(z(y,1), y € (0,m) (19)
Let X = C([0,7],R) and Ax := 2 on the domain

2

0
D(A)={z(.) e X : a7 € X, z(0) = z(r) = 0}.

Clearly D(A) # X. Hence A is nondensely defined on X. Here p(A) D (0, 00),
=5,
D(A)

IAL—A)7H < 5, A>0,so A generates Cy semigroup {T'(t)} on D(A). Let

Cr([0,al, D(A)) = {z : [0,a] — C([0,a], D(A)) : [|z(t) — x(s)|| < LIt — s]}.
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Set z(t) := x(y,t). Define f: [0,a] x C([0,a], D(A)) x U — X as

f@t,x(b(x(t), 1), ult)) = /Ox K(s, x)(x(y, |x(y, )]]) + ult))ds,
z(t) = z(y,t)
So
2y, [le(y, Oll) = «(llz(y, Ol) = (b(=(2),1)))
where b(z(t),t) = ||z(y, t)|| and Bu(t) = u(t). Hypotheses (H1) and (H2) are verified
as below

L (8 2(b(x(t), 1)), u(®))  — [t 2(b(z(t), 1)), v(1))]]
/ K (s, z)llx(lz(y, Ol) = 2(l[=(y, O) DIl ds

0

IN

N /OxK(s,x)(Hu(t)—U(t)H)ds
< [ Kol - =0l
i /Oxms,muu@)—va)uds

< [ Kl — =0l
; /Oxms,x)Hu(t)—wwuds

So the hypotheses (H1) and (H2) are satisfied. Hence the (19) can be reduced to
the form

D%x(t) = Ax(t) + Bu(t) + f(t,x(b(x(t),t)),u(t)), 0 <t <a,
z(0) = zo+g(z) (20)

By Theorem(3.4) the system (19) is therefore exactly controllable on [0, al.

5. Conclusion

Exact controllability and continuous dependence mild solution of a class of con-
formable fractional control system of order a € (0, 1] is established. Generally the
authors use a densely defined operator A. But in this paper A is belongs to broader
class of operators called non-dense operators. Moreover non-local initial conditions
and deviated argument is used to incorporate the properties of the control system
that are not captured by usual initial conditions. The control operator is included
in the nonlinear term as well to study nonlinear control systems. Eventually, an
example is given to illustrate the main result.
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